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Rotating Einstein-Yang-Mills black holes
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We construct rotating hairy black holes in SU~2! Einstein-Yang-Mills theory. These stationary axially sym-
metric black holes are asymptotically flat. They possess non-trivial non-Abelian gauge fields outside their
regular event horizon, and they carry non-Abelian electric charge. In the limit of vanishing angular momentum,
they emerge from the neutral static spherically symmetric Einstein-Yang-Mills black holes, labeled by the node
number of the gauge field function. With increasing angular momentum and mass, the non-Abelian electric
charge of the solutions increases, but remains finite. The asymptotic expansion for these black hole solutions
includes noninteger powers of the radial variable.
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I. INTRODUCTION

The unique family of stationary asymptotically flat blac
holes of Einstein-Maxwell~EM! theory comprises the rotat
ing Kerr-Newman and Kerr black holes and the sta
Reissner-Nordstro”m and Schwarzschild black holes. EM
black holes are completely determined by their mass, t
charge, and their angular momentum; i.e., EM black ho
have ‘‘no hair’’ @1,2#.

The EM ‘‘no-hair’’ theorem does not generalize to the
ries with non-Abelian gauge fields coupled to gravity@3#.
The generic black hole solutions of SU~2! Einstein-Yang-
Mills ~EYM! theory possess nontrivial magnetic fields o
side their regular event horizon, representing non-Abe
‘‘hair’’ @3#. In addition to static spherically symmetric hair
black holes@4#, there are also static hairy black holes, whi
are not spherically but only axially symmetric@5–7#. This
shows that Israel’s theorem does not generalize to theo
with non-Abelian gauge fields coupled to gravity, either.

Obviously, also hairy stationary black hole solutions, re
resenting the non-Abelian generalizations of the Ke
Newman black hole solutions, should exist, as conjectu
long ago@8#. The construction of such hairy rotating blac
hole solutions, however, appeared very difficult. First of a
it was not clear if the standard Lewis-Papapetrou param
zation of the stationary axially symmetric metric@9# would
be sufficiently general and whether an ansatz for the ga
fields, satisfying the Ricci circularity and Frobenius con
tions @9,10#, was available@11–13#. Second, even within the
standard metric parametrization the black hole soluti
would only possess axial symmetry. Therefore the const
tion of such solutions would involve the solution of a lar
system of coupled nonlinear partial differential equations
the metric and gauge field functions and thus represe
numerical challenge.

The first progress was achieved with the construction
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0556-2821/2002/66~10!/104001~26!/$20.00 66 1040
ir
s

-
n

es

-
-
d

,
ri-

ge
-

s
c-

r
a

f

perturbative stationary non-Abelian black hole solutions
SU~2! EYM theory @12#. Based on the static hairy black ho
solutions, these slowly rotating black hole solutions revea
an unexpected property. The rotating black holes carry n
Abelian electric charge, whereas their static counterparts
electrically neutral@12#. In the static spherically symmetri
case electrically charged SU~2! black holes are even prohib
ited by the ‘‘non-Abelian baldness’’ theorem@14#. Indeed,
the non-Abelian electric charge of the slowly rotating bla
hole solutions turned out to be proportional to their angu
momentum, and thus vanishes in the static limit. Sub
quently, perturbative calculations with more general bou
ary conditions predicted even more exotic stationary ha
black hole solutions@15#.

Only recently nonpertubative rotating hairy black hole s
lutions were obtained in SU~2! EYM theory @16#, confirming
the perturbative calculations@12#. They are obtained within
the standard Lewis-Papapetrou parametrization of the me
and the ansatz for the gauge fields is consistent with
circularity and Frobenius conditions. Representing the fi
set of nonperturbative rotating hairy black hole solution
they possess three global charges, a mass, an angular
mentum, and a small non-Abelian electric charge. They
not carry non-Abelian magnetic charge, although they p
sess nontrivial magnetic gauge fields outside their reg
event horizon.

Here we present a detailed account of these rotating h
black holes, announced in@16#. We analyze their properties
In particular we discuss their global charges and their h
zon charges@17#. We further introduce local charges to illus
trate the contributions of the gauge fields outside the ev
horizon. The black hole solutions depend on two continuo
parameters, the horizon size, and the angular velocity of
horizon. Like their static spherically symmetric counterpar
they further depend on the integer node numberk of the
gauge field functions. Thus for a given horizon size, whe
small angular velocity of the horizon is imposed, a seque
of rotating black hole solutions, labeled by the node num
k, emerges from the sequence of static black hole solutio

Furthermore, we present the expansions of the metric
©2002 The American Physical Society01-1
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gauge field functions at the horizon and at infinity for the
black holes. The asymptotic expansion for these black h
has the surprising feature that the magnetic gauge field fu
tions approach their asymptotic values with noninteger po
ers of the radial coordinate. In particular, the noninte
powers depend on the non-Abelian electric charge. In
static limit, the non-Abelian charge vanishes and the w
known integer power fall-off of the static spherically sym
metric functions is recovered.

In Sec. II we recall the SU~2! EYM action and the equa
tions of motion. We present the stationary ansatz for the m
ric and the gauge field, and discuss its residual U~1! gauge
invariance. The global properties of the black hole solutio
and their horizon properties are presented in Sec. III. T
are obtained from the expansions at infinity and at the h
zon. The expansions also suggest the set of boundary co
tions to be satisfied by the solutions at the horizon and
infinity. The boundary conditions along the axes follow fro
symmetry and regularity conditions. For comparison,
present in Sec. IV the embedded Kerr-Newman solutions
particular, we transform the Kerr-Newman solutions fro
Boyer-Lindquist to isotropic coordinates, and further tran
form them to the gauge employed for the non-Abelian so
tions. Our numerical results are discussed in Sec. V. In S
VI we present our conclusions. Appendix A demonstrates
circularity condition, Appendixes B and C give details of t
expansion at infinity and at the origin, respectively.

II. SU„2… EYM ACTION AND STATIONARY ANSATZ

We here briefly recall the SU~2! EYM action and the gen-
eral set of EYM equations to be satisfied by the station
hairy black hole solutions. We then discuss the ansatz for
metric and the gauge field functions@16#. The metric chosen
is the stationary axially symmetric Lewis-Papapetrou me
@9# in isotropic coordinates. The ansatz for the gauge fi
represents a generalization of the previously employed s
axially symmetric parametrization@5,18# to the stationary
case, satisfying the Ricci circularity and Frobenius con
tions @9#.

A. SU„2… EYM equations

We consider the SU~2! Einstein-Yang-Mills action

S5E S R

16pG
2

1

2
Tr~FmnFmn! DA2gd4x ~1!

with curvature scalarR, Newton’s constantG, and SU~2!
field strength tensor

Fmn5]mAn2]nAm1 ie@Am ,An#, ~2!

whereAm denotes the gauge fields

Am5
1

2
taAm

a ~3!

and e the Yang-Mills coupling constant. The gauge fiel
transform as
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Am8 5UAmU†1
i

e
~]mU !U† ~4!

under SU~2! gauge transformationsU.
Variation of the action~1! with respect to the metricgmn

leads to the Einstein equations

Gmn5Rmn2
1

2
gmnR58pGTmn ~5!

with stress-energy tensor

Tmn5gmnLM22
]LM

]gmn

52TrS FmaFnbgab2
1

4
gmnFabFabD , ~6!

variation with respect to the gauge fieldAm leads to the mat-
ter field equations

1

A2g
Dm~A2gFmn!50. ~7!

B. Stationary ansatz for the metric

To construct rotating axially symmetric EYM black ho
solutions, we employ isotropic coordinates for the metric.
terms of spherical coordinatesr, u, and w the Lewis-
Papapetrou metric is parametrized as@16#

ds252 f dt21
m

f
dr21

mr2

f
du2

1
lr 2sin2u

f S dw1
v

r
dtD 2

, ~8!

where the four metric functionsf, m, l, andv depend only on
the coordinatesr andu. Thez axis represents the symmetr
axis.

The metric has Killing vector fieldsj5] t and h5]w .
The regularity condition along thez axis @9#,

X,mX,m

4X
→1, X5hmhm , ~9!

requires

muu505 l uu50 . ~10!

The ansatz for the metric, Eq.~8!, satisfies the Ricci cir-
cularity conditions@2,9,10#

jmRm[ajbhg]505hmRm[ajbhg] , ~11!

whereRmn is the Ricci tensor, and the Frobenius conditio

j [mhnhl]; t505h [mjnjl]; t , ~12!
1-2
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implying the corresponding conditions for the stress-ene
tensor for solutions of the EYM equations~see Sec. II C 2
and Appendix A!.

The event horizon of stationary black hole solutions
sides at a surface of constant radial coordinate,r 5r H , and is
characterized by the conditionf (r H)50 @16#. The Killing
vector field

x5] t2vH /r H]w ~13!

is orthogonal to and null on the horizon@19#.
The ergosphere, defined as the region in whichjmjm is

positive, is bounded by the event horizon and by the surf
where

2 f 1sin2u
l

f
v250. ~14!

C. Stationary ansatz for the gauge field

For the gauge fieldAm we choose the ansatz@16#

Amdxm5Cdt1AwS dw1
v

r
dtD

1S H1

r
dr1~12H2!du D tw

2e
, ~15!

with

C5B1

t r

2e
1B2

tu

2e
~16!

and

Aw52sinuFH3

t r

2e
1~12H4!

tu

2eG . ~17!

Here the symbolst r , tu , andtw denote the dot products o
the Cartesian vector of Pauli matrices,tW5(tx ,ty ,tz), with
the spherical spatial unit vectors,

eW r5~sinu cosw,sinu sinw,cosu!,

eW u5~cosu cosw,cosu sinw,2sinu!, ~18!

eWw5~2sinw,cosw,0!.

The two electric gauge field functionsBi and the four mag-
netic gauge field functionsHi depend only on the coordi
natesr andu.

In the static limit, the ansatz reduces to the static sph
cally symmetric SU~2! EYM ansatz, where

l 5m, v50, H25H4 ,
~19!

H15H35B15B250,

and all nontrivial functions depend only on the radial co
dinater.
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1. Residual gauge invariance

The ansatz~15!–~17! is axially symmetric in the sens
that a rotation around the symmetry axis can be compens
by a gauge rotation. The ansatz is form-invariant under A
lian gauge transformations where@5,7,16,18#

U5expS i

2
twG~r ,u! D . ~20!

The functionsH1 andH2 transform inhomogeneously unde
such gauge transformations,

H1→H12r ] rG,
~21!

H2→H21]uG,

like a two-dimensional gauge field. The functionsH3 andH4
combine to form a scalar doublet (H31cotu,2H4),

H31cotu→cosG~H31cotu!1sinG~2H4!,

2H4→cosG~2H4!2sinG~H31cotu!. ~22!

Similarly, the functionsB1 andB2 transform as

B11cosu
v

r
→cosGS B11cosu

v

r D1sinGS B22sinu
v

r D ,

B22sinu
v

r
→cosGS B22sinu

v

r D2sinGS B11cosu
v

r D .

~23!

As previously@5,16,18#, we choose the gauge condition

r ] rH12]uH250 ~24!

with respect to this residual gauge degree of freedom.

2. Stress-energy tensor

Let us now address the stress-energy tensorTmn and the
consistency of the ansatz for the gauge fields, Eqs.~15!–
~17!, with the Ricci circularity conditions. The stress-ener
tensor is circular when@2,9,10#

jmTm[ajbhg]505hmTm[ajbhg] . ~25!

To verify these circularity conditions for the stress-ener
tensorTmn , Eq. ~6!, we expand the field strength tensor
the form

Fmn5(
a

Fmn
(a)ta

2e
, a5r ,u,w, ~26!

where its nonvanishing componentsFmn
(a) are given by

Fru
(w)52

1

r
@H1,u1rH 2,r #, ~27!

Frw
(r )52

sinu

r
@rH 3,r2H1H4#,
1-3
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Frw
(u)5

sinu

r
@rH 4,r1H1~H31cotu!#,

Fuw
(r )52sinu@H3,u1H3 cotu1H2H421#,

Fuw
(u)5sinu@H4,u1cotu~H42H2!2H2H3#,

Ftr
(r )52

1

r F rB1,r1H1B22
v

r
sinu@H1~12H4!

2H31rH 3,r #2v ,r sinuH3G ,
Ftr

(u)52
1

r F rB2,r2H1B11
v

r
sinu@H1H3

1~12H4!1rH 4,r #2v ,r sinu~12H4!G ,
Ftu

(r )52FB1,u2H2B21
v

r
sinu@H2~12H4!

2cotuH32H3,u#2
v ,u

r
sinuH3G ,

Ftu
(u)52FB2,u1H2B12

v

r
sinu@H2H3

1cotu~12H4!2H4,u#2
v ,u

r
sinu~12H4!G ,

Ftw
(w)52sinuFB1H41B2~H31cotu!

2
v

r
sinu@cotu~12H4!1H3#G .

Now it is easily seen thatTtr5Ttu5Twr5Twu50. Thus the
circularity conditions are satisfied~see Appendix A!.

Of particular interest also are the energy density of
matter fields,«52T0

0, and the angular momentum densi
j 5Tw

0 . They are given by

2T0
05

1

2e2r 4m
H f 2

m
~rF ru

(w)!21S f 2

l sin2u
2v2D

3@~rF rw
(r )!21~rF rw

(u)!21~Fuw
(r )!21~Fuw

(u)!2#

1r 2F ~rF tr
(r )!21~rF tr

(u)!21~Ftu
(r )!21~Ftu

(u)!2

1
m

l sin2u
~Ftw

(w)!2G J ~28!

and
10400
e

Tw
05

1

r 2m
H r 2~Frw

(r )Ftr
(r )1Frw

(u)Ftr
(u)!1Fuw

(r )Ftu
(r )

1Fuw
(u)Ftu

(u)1
v

r
@~rF rw

(r )!21~rF rw
(u)!21~Fuw

(r )!2

1~Fuw
(u)!2#J , ~29!

respectively. As seen from Eqs.~27! and ~28!, regularity of
the energy density on thez axis requires

H2uu505H4uu50 . ~30!

III. BLACK HOLE PROPERTIES

To obtain stationary axially symmetric black hole sol
tions which are asymptotically flat, and possess a reg
event horizon, as well as a finite mass, angular moment
and electric charge, we need to impose the appropriate s
boundary conditions. Looking for black hole solutions wi
parity reflection symmetry, we need to consider the solutio
only for 0<u<p/2. Thus appropriate boundary condition
must be imposed at infinity and at the horizon, along ther
axis and along thez axis ~i.e., for u5p/2 andu50).

In the following we present these boundary conditions
infinity, at the horizon, and along the axes. The choice
boundary conditions is consistent with the equations of m
tion, as seen from the expansions of the metric and ga
field functions at infinity and at the horizon. These expa
sions also allow the extraction of the physical properties
these solutions, such as their global charges or their hor
charges. We also introduce local charges of the black h
solutions.

A. Behavior at infinity

1. Boundary conditions at infinity

For notational simplicity we now introduce the dime
sionless coordinatex,

x5
e

A4pG
r , ~31!

and the dimensionless electric gauge field functionsB̄1 and
B̄2,

B̄15
A4pG

e
B1 , B̄25

A4pG

e
B2 . ~32!

To obtain asymptotically flat solutions, we impose on t
metric functions at infinity (x5`) the boundary conditions

f ux5`5mux5`5 l ux5`51, vux5`50. ~33!

By requiring the four magnetic gauge field functionsHi to
satisfy

H1ux5`5H3ux5`50, H2ux5`5H4ux5`561, ~34!
1-4
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and the two electric gauge field functionsB̄i to satisfy

B̄1ux5`5B̄2ux5`50, ~35!

the black hole solutions are magnetically neutral, but th
may carry a non-Abelian electric charge.

The node numberk of the gauge field functions is define
by the number of nodes of the functionsH2 andH4 @5,18#.
For each node number there are two degenerate solut
specified by the value ofH2 and H4 at infinity, H2(`)
5H4(`)561. These solutions are related by the lar
gauge transformationU5t r , transforming the gauge field
functions according to

H1→2H1 , H2→2H2 , H3→1H3 , H4→2H4 ,

B̄1→1B̄1 , B̄2→2B̄21sinu
v

x
.

Because of this gauge symmetry we can choose the g
field functions to satisfyH2(`)5H4(`)521. Solutions
with an odd number of nodes then have positive values ofH2
andH4 at the horizon, whereas solutions with an even nu
ber of nodes have negative values ofH2 andH4 at the hori-
zon.

2. Expansion at infinity

The asymptotic expressions for the metric and gauge fi
functions are

f 512
2M

x
1OS 1

x2D , ~36!

m511
C1

x2
1

Q22M222C1

x2
sin2u1oS 1

x2D , ~37!

l 511
C1

x2
1oS 1

x2D , ~38!

v52
2aM

x2
1OS 1

x3D , ~39!

H15F2C5

x2
1

8C4

b21
x2(1/2)(b21)

2
2C2C3~a13!

~a15!Q2
x2(1/2)(a11)Gsinu cosu1oS 1

x2D ,

~40!

H25211C3x2(1/2)(a21)1o~x2(1/2)(a21)!, ~41!

H35S C2

x
1C3x2(1/2)(a21)D sinu cosu1oS 1

xD ,

~42!
10400
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H45211C3x2(1/2)(a21)2S C2

x
1C3x2(1/2)(a21)D

3sin2u1oS 1

xD , ~43!

B̄15
Q cosu

x
1OS 1

x2D , ~44!

B̄25
Q sinu

x
1OS 1

x2D , ~45!

wherea, M, Q, andC1 , . . . ,C5 are dimensionless constant
and a and b determine the noninteger fall-off of the mag
netic gauge field functionsHi , with

a5A924Q2, b5A2524Q2. ~46!

Further details of the asymptotic expansion are presente
Appendix B.

3. Global charges

Let us now obtain the global charges of the EYM so
tions from the asymptotic behavior of the metric and gau
field functions.

The mass and the angular momentum are obtained f
the metric componentsgtt and gtw , respectively@20#. The
asymptotic expansions for the metric functionsf andv, Eqs.
~36! and ~39!, yield for the dimensionless massM and the
dimensionless angular momentumJ5aM the expressions

M5
1

2
lim
x→`

x2]xf , J5
1

2
lim
x→`

x2v. ~47!

The asymptotic behavior of the gauge fields yields
non-Abelian electric chargeQYM and magnetic chargePYM

of the black hole solutions. Let us define the gauge-invari
non-Abelian electric chargeQYM @17# as

QYM5
1

4p RA(
i

~* Fuw
i !2dudw5

Q

e
, ~48!

where the integral is evaluated at spatial infinity, and* F
represents the dual field strength tensor. Insertion of
asymptotic expansion of the gauge field functions, E
~40!–~45!, into the respective field strength tensor comp
nents, Eq. ~26!, then yields for the dimensionless non
Abelian electric charge

Q5 lim
x→`

x~cosuB̄11sinuB̄2!, ~49!

i.e., the non-Abelian electric charge can be read off direc
from the asymptotic behavior of the electric gauge field fun
tions B̄1 and B̄2.

Likewise, the gauge-invariant non-Abelian magne
chargePYM is obtained from@17#
1-5
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PYM5
1

4p RA(
i

~Fuw
i !2dudw5

P

e
, ~50!

where the integral is evaluated at spatial infinity. Again,
sertion of the asymptotic expansion of the gauge field fu
tions into the respective field strength tensor compone
yields the global charge. For the dimensionless non-Abe
magnetic charge we thus obtain

P50. ~51!

As imposed by the boundary conditions, the EYM solutio
carry no magnetic charge.

B. Boundary conditions along the axes

The boundary conditions along ther and z axes (u
5p/2 and u50) are determined by the symmetries. T
metric functions satisfy along the axes

]u f uu505]umuu505]ul uu505]uvuu5050,
~52!

]u f uu5p/25]umuu5p/25]ul uu5p/25]uvuu5p/250.

For the gauge field functions symmetry considerations l
to the boundary conditions

H1uu505H3uu5050, ]uH2uu505]uH4uu5050,

B̄2uu5050, ]uB̄1uu5050, H1uu5p/25H3uu5p/250,

~53!
]uH2uu5p/25]uH4uu5p/250, B̄1uu5p/250,

]uB̄2uu5p/250

along the axes. In addition, regularity on thez axis requires
condition~10! for the metric functions and condition~30! for
the gauge field functions to be satisfied.

C. Behavior at the horizon

1. Boundary conditions at the horizon

The event horizon of stationary black hole solutions
sides at a surface of constant radial coordinate,x5xH , and is
characterized by the conditionf (xH)50 @16#. Requiring the
horizon to be regular, we obtain the boundary conditions
the horizon.

At a regular horizon the metric functions must satisfy

f ux5xH
5mux5xH

5 l ux5xH
50, vux5xH

5vH , ~54!

wherevH is constant at the horizon.
To obtain the boundary conditions for the gauge fie

functions, we start by requiring that the electrostatic poten
C5(xmAm), with Killing vector x, Eq. ~13!, is constant at
the horizon@21#,

CH5~xmAm!ux5xH
5const, ~55!

~see also Appendix C!. This yields the conditions
10400
-
-
ts
n

s

d

-

t

l

B̄1ux5xH
52cosuC0 ,

~56!
B̄2ux5xH

5sinuC0 .

The equations of motion, Eq.~7!, then yield for non-Abelian
solutions the conditions

C05vH /xH , ~57!

]xvux5xH
5vH /xH , ~58!

as well as

~x]xB̄1!ux5xH
50, ~x]xB̄2!ux5xH

50, ~59!

and, taking these conditions into account,

~]uH11x]xH2!ux5xH
50,

~x]xH32H1H4!ux5xH
50, ~60!

@x]xH41H1~H31cotu!#ux5xH
50,

which derive fromFru
(w) , Frf

(r ) , andFrf
(u) , respectively. Thus

the regularity conditions at the horizon imply

xmFmnux5xH
50, Fruux5xH

50, Frwux5xH
50. ~61!

Furthermore, the gauge condition, Eq.~24!, implies

~x]xH12]uH2!ux5xH
50.

However, for black hole solutions the gauge condition~24!
still allows for nontrivial gauge transformations satisfying

x2]x
2G1x]xG1]u

2G50. ~62!

To fix the gauge, we choose the additional conditi
@5,16,18#

~]uH1!ux5xH
50, ~63!

which implies H1ux5xH
50 when we take into account th

boundary condition on the axes,H1uu50,p/250, Eq. ~53!.
For the numerical solutions we then impose on the ga

field functions the set of boundary conditions

H1ux5xH
50, ]xH2ux5xH

50, ]xH3ux5xH
50,

]xH4ux5xH
50, xHB̄1ux5xH

52cosuvH, ~64!

xHB̄2ux5xH
5sinuvH .

2. Expansion at the horizon

Expanding the metric and gauge field functions at the
rizon in powers of
1-6
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d5
x

xH
21 ~65!

yields

f ~d,u!5d2f 2~12d!1O~d4!, ~66!

m~d,u!5d2m2~123d!1O~d4!, ~67!

l ~d,u!5d2l 2~123d!1O~d4!, ~68!

v~d,u!5vH~11d!1O~d2!, ~69!

H1~d,u!5dS 12
1

2
d DH111O~d3!, ~70!

H2~d,u!5H201O~d2!, ~71!

H3~d,u!5H301O~d2!, ~72!

H4~d,u!5H401O~d2!, ~73!

B̄1~d,u!52
vHcosu

xH
1O~d2!, ~74!

B̄2~d,u!5
vHsinu

xH
1O~d2!. ~75!

The expansion coefficientsf 2 , m2 , l 2 , H11, H20, H30, and
H40 are functions of the variableu. Among these coefficients
the following relations hold:

05
]um2

m2
22

]u f 2

f 2
, ~76!

H115]uH20. ~77!

Further details of the expansion at the horizon are given
Appendix C.

3. Horizon properties

Let us now obtain the horizon properties of the EY
solutions from the expansion at the horizon of the metric a
gauge field functions.

The first quantity of interest is the area of the horizon. T
dimensionless areaA is given by

A52pE
0

p

du sinu
Al 2m2

f 2
xH

2 . ~78!
10400
in

d

e

The areaA of the black hole horizon defines the area para
eterxD via

A54pxD
2 . ~79!

The entropyS of the black hole then corresponds to

S5
A

4
. ~80!

To obtain a measure for the deformation of the horizon
compare the dimensionless circumference of the hori
along the equator,Le , with the dimensionless circumferenc
of the horizon along the poles,Lp ,

Le5E
0

2p

dwAl

f
x sinuU

x5xH ,u5p/2

,

~81!

Lp52E
0

p

duAm

f
xU

x5xH ,w5const

,

and consider, in particular, their ratioLe /Lp .
The surface gravity of the black hole solutions is obtain

from @19#

ksg
2 521/4~¹mxn!~¹mxn!, ~82!

with Killing vector x5j2(vH /xH)h. Inserting the expan-
sion in d5(x/xH21) at the horizon, Eqs.~66!–~69!, yields
for the dimensionless surface gravity

ksg5
f 2~u!

xHAm2~u!
. ~83!

As seen from Eq.~76!, ksg is indeed constant on the horizon
as required by the zeroth law of black hole mechanics. T
dimensionless temperatureT of the black hole is proportiona
to the surface gravity,

T5
ksg

2p
. ~84!

Let us now consider the Yang-Mills horizon charges. B
evaluating the integrals, Eqs.~48! and ~50!, at the horizon,
we obtain the horizon electric chargeQD and the horizon
magnetic chargePD @17#, respectively,

QD5
e

4p RA(
i

~* Fuw
i !2dudw, ~85!
1-7
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PD5
e

4p RA(
i

~Fuw
i !2dudw, ~86!

whereQD andPD again represent the dimensionless qua
ties.

D. Local charges

To define the local mass let us first consider the gen
definition of the total mass~see e.g.,@19#!

M52E
S
S Tmn2

1

2
TgmnDnmjndV

2
1

8pGE
H

1

2
«mnrs¹rjsdxmdxn, ~87!

where S denotes an asymptotically flat hypersurfa
bounded by the horizon H,dV is the natural volume elemen
on S, nm5(1,0,0,2v/r )/Af is normal toS with nmnm5
21, andjn denotes the time-like Killing vector field.

Note thatT50 for the action, Eq.~1!. Straightforward
calculation yields

TmnnmjndV52T0
0A2gdrdudw

52
1

8pG
R0

0A2gdrdudw,

where in the last step the Einstein equations have been u
Integration overS yields

2
1

8pGE
S
R0

0A2gdrdudw

5
2p

4pGE
0

p/2HAl

f
r 2sinuF] f

]r
2

l

f
sin2uv

3S ]v

]r
2

v

r D G J U
r H

`

du.

The calculation of the boundary term in Eq.~87! yields the
same expression, but evaluated atr 5r H .

Consequently ,

M5 lim
r→`

2p

4pGE
0

p/2HAl

f
r 2sinuF] f

]r
2

l

f
sin2uv

3S ]v

]r
2

v

r D G J U
r

du
10400
i-

al

ed.

5 lim
x→`

A4pG

e

1

G

1

2E0

p/2HAl

f
x2sinuF ] f

]x
2

l

f

3sin2uvS ]v

]x
2

v

x D G J U
x

du

5 lim
x→`

A4pG

e

1

G
M ~x!,

where we changed to the dimensionless coordinatex, Eq.
~31!, and defined the dimensionless local massM (x),

M ~x!5
1

2E0

p/2Al

f
x2sinu

3F ] f

]x
2

l

f
sin2uvS ]v

]x
2

v

x D Gdu.

~88!

In a similar way we obtain the dimensionless local ang
lar momentumJ(x),

J~x!5
1

4
x2E

0

p/2

sin3u
l 3/2

f 2 S x
]v

]x
2v Ddu, ~89!

from the expression for the total angular momentum,

J52F 1

8pGE
S
RmnnmhndV

2
1

16pGE
H

1

2
«mnrs¹rhsdxmdxnG .

Defining the horizon mass of the black holeMD

5M (xH) and its horizon angular momentumJD5J(xH), we
obtain the relation

MD52TS22
vH

xH
JD . ~90!

We further define the dimensionless local non-Abeli
electric and magnetic charges,Q(x) andP(x),

Q~x!5
e

4p RA(
i

~* Fuw
i !2dudw ~91!

and

P~x!5
e

4p RA(
i

~Fuw
i !2dudw, ~92!

respectively, where the integrals are evaluated on surfa
with fixed radial coordinatex. Explicitly,
1-8
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Q~x!5E
0

p/2

sinu
Al

f H F2xsin2u
]v

]x
H31sinu cosuv~12H4!2x sinu cosu

]v

]x
~12H4!

1sin2uvH32xH1~cosuB̄12sinuB̄2!2vH11x2S sinu
]B̄1

]x
1cosu

]B̄2

]x
D G2

1F2x sinu cosu
]v

]x
H32sin2uv~12H4!1x sin2u

]v

]x
~12H4!1sinu cosuvH31xH1~sinuB̄11cosuB̄2!

1x2S cosu
]B̄1

]x
2sinu

]B̄2

]x
D G2J 1/2

du, ~93!

P~x!5E
0

p/2H F2sin2u1sinu cosuH3~11H2!1cos2u~H22H4!1sin2u
]H3

]u
2sinu cosu

]H4

]u
1sin2uH2H4G2

1F2sinu cosu2sin2uH3~11H2!1H32sinu cosu~H22H4!1sinu cosu
]H3

]u
1sin2u

]H4

]u

1sinu cosuH2H4G2J 1/2

du. ~94!
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IV. EMBEDDED KERR-NEWMAN BLACK HOLES

Here we briefly recall Kerr-Newman black holes, embe
ded in SU~2! EYM theory @22#. For better comparison with
the non-Abelian rotating black holes, we first consider
coordinate transformation from Boyer-Lindquist coordina
to isotropic coordinates. Then we perform an SU~2! gauge
transformation to the gauge employed for the non-Abel
black holes.

A. Boyer-Lindquist coordinates

In Boyer-Lindquist coordinates the metric of Ker
Newman black holes is given by

ds252
D

r2
~dt1a sin2udw!21

sin2u

r2
~adt1r0

2dw!2

1
r2

D
dx̃21r2du2, ~95!

where

r25 x̃21a2cos2u, r0
25 x̃21a2,

~96!

D5 x̃222Mx̃1a21C2,

andM denotes the black hole mass,a the angular momentum
per unit mass,a5J/M , and C the ‘‘total charge’’@see Eq.
~98!#.

The gauge field of embedded Kerr-Newman solutions
given by @22#
10400
-

e
s

n

s

Am
a dxm5

Qax̃

r2
~dt1a sin2udw!

1
Pacosu

r2
~adt1r0

2dw!, ~97!

where Qa and Pa are constant vectors in the Lie algebr
considered the Yang-Mills analogue of the electric and m
netic charge, respectively@22,23#. They define the ‘‘total
charge’’C,

C25QaQa1PaPa, ~98!

andQa is proportional toPa @22#.
The conditionD( x̃H)50 yields the regular event horizo

of the Kerr-Newman solutions,

x̃H5M1AM22~a21C2!, ~99!

extremal Kerr-Newman solutions satisfy x̃H5M
5Aa21C2.

B. Isotropic coordinates

Let us now consider the Kerr-Newman solution in isotr
pic coordinates. For Kerr-Newman solutions the isotropic
dial coordinatex is related to the Boyer-Lindquist radial co
ordinatex̃ by

x~ x̃!5
1

2
@Ax̃222Mx̃1~a21C2!1~ x̃2M !#, ~100!

and the metric functionsf (x,u), m(x,u), l (x,u), and
v(x,u) @see Eq.~8!# are given by
1-9
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f ~x,u!5
r2D

r0
42a2sin2uD

, ~101!

m~x,u!

f ~x,u!
5

x̃21a2cos2u

x2
, ~102!

x2l ~x,u!

f ~x,u!
5r0

21a2sin2u
2Mx̃2C2

r2
,

~103!

and

v~x,u!

x
5

a~2Mx̃2C2!

r0
42a2sin2uD

, ~104!

where

x̃~x!5x1M1
M22~a21C2!

4x
. ~105!

In isotropic coordinates the event horizon resides at

xH51/2AM22~a21C2!, ~106!

thus extremal Kerr-Newman solutions satisfyxH50. At the
event horizon, the metric functionf is identically zero, the
metric function ratios (m/ f ) and (l / f ) are finite, and the
metric functionv is constant,

v~xH!5
axH

4MxH12M22C2
5vH . ~107!

Consequently the Kerr-Newman solutions satisfy

vH

xH
5

AM224xH
2 2C2

2M ~M12xH!2C2
5

a

~M12xH!21a2
. ~108!

C. Gauge transformation

Let us now consider a Kerr-Newman solution with L
algebra vectorsQa andPa pointing in thez direction,

Amdxm5
Qx̃

r2
~dt1a sin2udw!

tz

2

1
P cosu

r2
~adt1r0

2dw!
tz

2
. ~109!

To obtain the solution in the gauge employed for the n
Abelian ansatz~15!–~17!, we perform a gauge transforma
tion, where

U~u,w!5e2 i (w/2)tze2 i (u/2)ty. ~110!

The gauge transformed vector field reads
10400
-

A8mdxm5S Qx̃

r2
1

P cosu

r2
aD t r

2
dt1Awdw1

tw

2
du

~111!

with

Aw5S Qx̃

r2
a sin2u1

P cosu

r2
r0

21cosu D t r

2
2sinu

tu

2
.

~112!

By comparing this embedded Abelian expression for
gauge fields with the non-Abelian ansatz, Eqs.~15!–~17!, we
obtain the embedded Abelian gauge field functionsHi and
B̄i ,

H15H25H450,

2sinuH35
Qx̃

r2
a sin2u1

P cosu

r2
r0

21cosu, ~113!

B̄15sinu
v

x
H31

Qx̃1P cosua

r2
,

B̄25sinu
v

x
. ~114!

The asymptotic expansion for the Abelian gauge field a
metric functions is given in Appendix B, the expansion at t
horizon is given in Appendix C.

V. NUMERICAL RESULTS

The rotating hairy black hole solutions of SU~2! EYM
theory emerge from the static hairy black hole solutio
when a small value of the angular velocity of the horizon
imposed via the boundary conditions. We therefore brie
recall the properties of the static hairy black hole solutions
SU~2! EYM theory @4#.

The static hairy black hole solutions of SU~2! EYM
theory carry nontrivial magnetic gauge fields outside th
regular event horizon, but carry no non-Abelian magne
charge. Since their electric fields vanish identically, th
only global charge is their mass. These black holes can
characterized by their mass and by two integers, the
muthal winding numbern of their gauge fields@24# and the
node numberk of their magnetic gauge field function
@4,5,25#. For a given winding numbern, the solutions form
sequences labeled by the node numberk. With increasingk,
the non-Abelian black hole solutions approach a limiting s
lution, corresponding to an embedded Abelian solution w
magnetic chargen @26#.

In contrast to the static hairy black hole solutions, th
rotating generalizations carry electric gauge fields. Nota
the rotating hairy black hole solutions possess a non-Abe
electric charge@12,16#, whereas their static counterparts a
neutral. Thus their global charges are their mass, their an
lar momentum, and their non-Abelian electric charge. Th
1-10
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non-Abelian magnetic charge is identically zero. Like th
static counterparts, the rotating hairy black hole solutio
form sequences depending on the winding numbern and the
node numberk of the gauge fields.

Here we consider the sequence of rotating hairy bl
hole solutions with winding numbern51 and node numbe
k. In the static limit these black hole solutions approa
spherically symmetric SU~2! EYM black hole solutions@4#.
Rotating black hole solutions with higher winding numbern
approach in the static limit SU~2! EYM black hole solutions,
which possess only axial symmetry@5#. Such black hole so-
lutions will be considered elsewhere.

For a given node numberk, the rotating hairy black hole
solutions depend on the isotropic horizon radiusxH and on
the value of the metric functionv at the horizon,vH , via the
boundary conditions. The ratiovH /xH represents the rota
tional velocity of the horizon.

When the black hole solutions are constructed, their g
bal charges are obtained from the asymptotic fall-off of
metric and gauge field functions of the solutions. Likewi
their horizon properties are obtained from the expansion
the horizon.

To construct the rotating hairy black hole solutions, w
solve the set of ten coupled nonlinear elliptic partial diffe
ential equations numerically@27#, subject to the above
boundary conditions. We employ compactified dimensionl
coordinates, mapping spatial infinity to the finite valuex̄
51, where

x̄512
xH

x
. ~115!

We furthermore introduce the functionsf̄ ( x̄,u), l̄ ( x̄,u),
m̄( x̄,u), andg( x̄,u) @5,7,18#,

f̄ ~ x̄,u!5
f ~ x̄,u!

x̄2
, l̄ ~ x̄,u!5

l ~ x̄,u!

x̄2
,

~116!

m̄~ x̄,u!5
m~ x̄,u!

x̄2
, g~ x̄,u!5

m~ x̄,u!

l ~ x̄,u!
.

The numerical calculations, based on the Newton-Raph
method, are performed with the help of the programFIDISOL

@27#. The equations are discretized on a nonequidistant
in x̄ andu. Typical grids used have sizes 100320, covering
the integration region 0< x̄<1 and 0<u<p/2. ~See@5,7,18#
and @27# for further details on the numerical procedure.!

A. Global charges

To construct a rotating black hole solution with one no
and horizon radiusxH , we start from the static sphericall
symmetric SU~2! EYM black hole solution with one node
and the same horizon radius, which represents the limi
solution in the static limitvH→0. By imposing a small but
finite value of vH via the boundary conditions, a rotatin
black hole solution is obtained, which possesses nontri
10400
r
s

k

h

-
e
,
at

s

on

id

g

al

functionsv, H1 , H3 , B̄1, and B̄2. The rotating black hole
solution is only axially symmetric. It possesses a nonvani
ing electric gauge field, giving rise to a non-Abelian elect
charge@12,16#.

When increasingvH from zero, while keepingxH fixed, a
branch of black hole solutions forms, the lower branch. T
lower branch extends up to a maximal valuevH

max, where a
second branch, the upper branch, bends backwards tow
vH50. Along both branches the massM, the angular mo-
mentumJ, and the non-Abelian electric chargeQ continu-
ously increase@16#. This is seen in Figs. 1~a!–1~c!, where the
massM, the angular momentum per unit massa5J/M , and
the non-Abelian electric chargeQ are shown as functions o
the parametervH for three values of the isotropic horizo
radius,xH50.1, 0.5, and 1.

Whereas both massM and angular momentum per un
massa of the non-Abelian solutions increase strongly alo
the upper branch, diverging withvH

21 in the limit vH→0,

FIG. 1. ~a! The dimensionless massM is shown as a function of
vH for node numberk51 andxH51.0, 0.5, and 0.1. For the sam
values of parameters the dimensionless mass of the Kerr solu
~thin solid line! and the Kerr-Newman solution~dotted line! for Q
50 and uPu51 are also shown.~b! Same as~a! for the ratio a
5J/M . ~c! The electric chargeQ is shown as a function ofvH for
node numberk51 andxH51.0, 0.5, and 0.1.
1-11
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the non-Abelian electric chargeQ remains small. It ap-
proaches apparently a finite limiting value,Qlim'0.124 ~as
discussed in Sec. V C!, independent of the isotropic horizo
radiusxH .

For comparison, we exhibit in Figs. 1~a! and 1~b! also the
mass and the angular momentum of embedded Abelian s
tions with the same horizon radii: those of the Kerr solutio
and those of the Kerr-Newman solutions withQ50 andP
521. ~Mass and angular momentum of embedded Ke
Newman solutions, possessing the same chargeQ as the non-
Abelian solutions but withP50, are graphically indistin-
guishable from the mass and angular momentum of the K
solutions, shown. Likewise, mass and angular momentum
embedded Kerr-Newman solutions, possessing the s
charge Q as the non-Abelian solutions andP521, are
graphically indistinguishable from the mass and angular m
mentum of the Kerr-Newman solutions, shown.!

Interestingly, both mass and angular momentum of
non-Abelian solutions, which carry a small electric chargeQ
and no magnetic charge, are close to mass and angular
mentum of the embedded Kerr-Newman solutions with m
netic chargeP521. This is seen in particular for solution
with small horizon radiixH , where large deviations of thes
global properties from those of the corresponding Kerr so
tions arise. For non-Abelian black hole solutions with lar
horizon radii, these global charges are also close to thos
the Kerr solutions. Here a magnetic charge of magnitu
uPu51 is less important for the global properties of the s
lutions. Thus also Kerr and Kerr-Newman solutions diff
less for large horizon radii.

As a case in point, let us inspect the maximal value ofvH

reached,vH
max. The maximal valuevH

max of the non-Abelian
black hole solutions depends on the horizon radiusxH , and
increases monotonically withxH . For the solutions shown in
Figs. 1~a!–1~c!, vH

max(xH50.1)'0.0288, vH
max(xH50.5)

'0.0649, andvH
max(xH51.0)'0.0719. For Kerr-Newman

solutions with Q50 and P521 very similar values for
vH

max are obtained,vH
max(xH50.1)'0.0278, vH

max(xH50.5)
'0.0646, andvH

max(xH51.0)'0.0718. In contrast, for the
Kerr solutions the maximal value ofvH ,

vH
max,K5

1

2~A511!
AA521

A513
'0.075 07,

is independent of the horizon radiusxH . We conjecture that
in the limit xH→`, the maximal valuevH

max of the non-
Abelian solutions tends to the maximal valuevH

max,K of the
Kerr solutions.

So far we have limited the discussion to non-Abelian
lutions with one node. When we consider black hole so
tions with higher node numbers, we observe similar featu
The rotating hairy black hole solution withk nodes emerges
from the corresponding static black hole solution, when
finite value ofvH is imposed via the boundary condition
WhenvH increases, the lower branch of black hole solutio
forms. It extends up to a maximal valuevH

max, where the
upper branch forms and bends backwards towardsvH50.
10400
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Along both branches mass, angular momentum, and n
Abelian electric charge continuously increase.

For node numberk53, the mass and angular momentu
of the black hole solutions differ only a little from the ma
and angular momentum of thek51 black hole solutions. In
general, the values are still closer to those of the Ke
Newman solutions withQ50 andP521. Also, the values
of vH

max are very close to those of the Kerr-Newman so
tions with Q50 and P521. Along the lower branch, the
non-Abelian electric charge of thek53 solutions is much
smaller than the electric charge of thek51 solutions, typi-
cally it is on the order of 1024. Along the upper branch the
non-Abelian electric charge increases relatively strong
However, because of numerical inaccuracies encounte
along the upper branch for the higher node solutions,
cannot infer from the numerical calculations that the cha
tends to a limiting valueQlim .

B. Energy density

Let us now discuss the rotating black hole solutions
more detail and begin with the energy density of the bla
hole solutions,«52T0

0.
Because of the rotation, the energy density of the ma

fields is angle-dependent, and, in particular, not constan
the horizon. The maximum of the energy density resides
the r axis at the horizon, as seen in the following two re
resentative examples.

In Figs. 2~a!–2~d! we exhibit the energy density of th
matter fields of the black hole solution with horizon radi
xH51 andvH50.04 on the lower branch. Figure 2~a! shows

FIG. 2. The energy density of the matter fields«52T0
0 is

shown as a funtion of the coordinatesr5x sinu, z5x cosu for k
51, xH51.0, vH50.04 on the lower branch.
1-12
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a three-dimensional plot of the energy density as a func
of the coordinatesr5x sinu andz5x cosu together with a
contour plot, and Figs. 2~b!–2~d! show surfaces of constan
energy density. The surfaces of constant energy density
pear ellipsoidal, being flatter at the poles than in the equ
rial plane. For the largest values of the energy density
shown in Fig. 2~d!, the horizon is seen in the pole region.

Analogously, we exhibit in Figs. 3~a!–3~d! the energy
density of the matter fields of the black hole solution w
horizon radiusxH51 and vH50.04 on the upper branch
The energy density is much more strongly deformed n
showing a large peak on ther axis. Consequently, the su
faces of constant energy density appear torus-shaped,
the horizon seen in the center of the torus. Further away f
the black hole horizon, however, the surfaces of cons
energy density again appear ellipsoidal.

We do not observe a strong dependence of the en
density on the node numberk. On the lower branch thek
53 densities are similar to thek51 densities. On the uppe
branch, the numerical determination of thek53 densities
becomes, however, unreliable.

C. Gauge field and metric functions

We now turn to the metric and gauge field functions of t
non-Abelian black hole solutions. In Figs. 4~a!–4~j! we show
the functions for the solutions with one node on the up
and lower branch for horizon radiusxH51 andvH50.04.
Also shown are the functions of the three node solution
the lower branch for the same set of parameters. We
discuss the magnetic gauge field functions, shown in F
4~a!–4~d!, then the electric gauge field functions, shown
Figs. 4~e!–4~f!, and finally the metric functions, shown i
Figs. 4~g!–4~j!. Since the global mass and angular mome
tum of the non-Abelian solutions are rather close to those

FIG. 3. The same as Fig. 2 on the upper branch.
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the Kerr-Newman solutions withQ50 and P521, we
compare the corresponding functions of these Kerr-Newm
solutions.

The magnetic gauge field functionH1, shown in Fig. 4~a!,
is always very small. For thek51 solutions, its magnitude is
two orders of magnitude smaller on the lower branch than
the upper branch. For thek53 lower branch solution it is
still smaller by two orders of magnitude than for the low
branchk51 solution.H1 shows a distinct angle dependenc
which is similar for the three black holes exhibited. Th
Kerr-Newman solutions have vanishingH1. This is consis-
tent with the observed smallness ofH1 for the non-Abelian
solutions.

The magnetic gauge field functionH2 is almost spheri-
cally symmetric for thek51 solutions on both branches a
well as for thek53 solution on the lower branch. It is ex
hibited in Fig. 4~b!. WhereasH2 decreases monotonically fo
thek51 solutions from a finite positive value at the horizo
to its boundary value of21 at infinity, H2 oscillates around
zero ~possessing three nodes! for the k53 solution in an
extended interior region before it decreases to its bound
value21 for x→`. ThusH2 precisely keeps its features o
the static non-Abelian solutions, where with increasing no
numberk, it becomes close to zero in an increasing inter
region. In particular, in the limitk→`, a limiting solution
with H250 is reached@26#.

The magnetic gauge field functionH3, shown in Fig. 4~c!,
is very similar for thek51 andk53 solutions on the lower
branch, and about one order of magnitude smaller on
lower branch than on the upper branch. Comparison of
function H3 of the non-Abelian solutions with the functio
H3, Eq. ~113!, of the corresponding Kerr-Newman solution
with Q50 andP521 reveals very good agreement. Th
H3, like H1, corresponds approximately to the Abelian fun
tion.

The magnetic gauge field functionH4, shown in Fig. 4~d!,
is rather similar to the functionH2 on the lower branch, both
for thek51 and thek53 solutions. Its angle dependence o
the lower branch is only small. On the upper branch, ho
ever, a distinct angle dependence appears.H4, like H2, re-
tains the non-Abelian character of the solutions.

Turning to the electric gauge field functionsB̄1 andB̄2 we
observe that the angle dependence is largely determine
the boundary conditions at the horizon. To eliminate t
trivial angle dependence, we consider the new functionsB̂1

and B̂2, defined via

B̂152cosuB̄11sinuB̄2 , B̂25sinuB̄11cosuB̄2 .

As seen in Fig. 4~e!, the function B̂1 then shows only a
relatively small deviation from spherical symmetry for a
three black hole solutions considered. The functionB̂2 is
considerably smaller in amplitude than the functionB̂1. Its
angle dependence is similar for thek51 andk53 solutions
on the lower branch, but different on the upper branch.

Let us again compare the electric gauge field functions
the corresponding Kerr-Newman solutions, Eq.~114!, with
1-13
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FIG. 4. ~a! The functionH1 is
shown forxH51.0, vH50.04 and
k51 on the lower and uppe
branch, and fork53 on the lower
branch. The functions on the
lower branch are multiplied by 2
3102 for k51 and by 23104 for
k53. ~b! Same as~a! for the
function H2. ~c! Same as~a! for
the function H3. The curves for
k51 and k53 on the lower
branch coincide. The functions o
the lower branch are multiplied by
10. ~d! Same as~a! for the func-
tion H4. ~e! Same as~a! for the

function B̂1. ~f! Same as~a! for

the functionB̂2. ~g! Same as~a!

for the function f̄ . The curves for
k51 and k53 on the lower
branch coincide.~h! Same as~a!
for the function g5m/ l . The
curves fork51 andk53 on the
lower branch coincide.~i! Same as

~a! for the function l̄ . The curves
for k51 and k53 on the lower
branch andk51 on the upper
branch coincide.~j! Same as~a!
for the functionv. The curves for
k51 and k53 on the lower
branch coincide.
en
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nc
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Q50 andP521. We again find good agreement betwe

these Abelian and the non-Abelian functions. ThusB̂1 and
B̂2 also correspond in good approximation to the Abel
functions.

Thus we conclude that the non-Abelian gauge field fu
tions, which are non-vanishing in the static limit,H2 andH4,
retain their non-Abelian features. Whereas all gauge fi
10400
-

ld

functions which vanish in the static limit,H1 , H3 , B1, and
B2, are very close to the corresponding functions of t
Kerr-Newman solution withQ50 andP521.

Let us now turn to the metric functions. In order to exhib
the behavior of the metric functionsf, m, andl at the horizon

more clearly we show the functionsf̄ (x,u), l̄ (x,u), and
g(x,u), Eq. ~116!.
1-14
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The function f̄ is shown in Fig. 4~g!. It is almost spheri-
cally symmetric on the lower branch and deviates fro
spherical symmetry only slightly on the upper branch. On
upper branch the magnitude off̄ and its slope at the horizo
are considerably smaller than on the lower branch. Ther
very little dependence of the metric functionf̄ on the node
number. This is also true for the other metric functions.

In Fig. 4~h! we show the ratiog5m/ l . Note that for a
spherically symmetric metric the functiong is identical to
one, thus the deviation of this function from one indicates
deviation from spherical symmetry. We observe that on
lower branchg is close to one for allx except in a region
near the horizon, where it deviates slightly from one. On
upper branch, in contrast, the deviation from one is large
g approaches its asymptotic value only for larger values ox.

The metric functionl̄ is shown in Fig. 4~i!. For solutions
with k51 andk53 nodes, as well as for solutions on th
lower and upper branch, the functionsl̄ are almost identical.
Also, their deviation from spherical symmetry is extreme
small.

We exhibit the functionv in Fig. 4~j!. The shape of the
function v is similar for solutions on the lower and upp
branch. However, on the upper branch the maximum is la
than on the lower branch. The angle dependence is sm
except near the maximum of the function on the up
branch.

In general, the deviation from spherical symmetry is sm
on the lower branch. We also observe little dependence o
metric functions on the node number, although for solutio
with smaller horizon radius the node number dependenc
the metric functions increases slightly. All metric functio
are rather close to the corresponding functions of the K
Newman solutions withQ50 andP521.

We conclude that the functions of the non-Abelian so
tions are rather close to those of the embedded K
Newman solutions withQ50 andP521, except for those
gauge field functions which do not vanish in the static lim
It is surprising that already the one node solutions follow
closely these Abelian solutions because their functionsH2
andH4 are still very different from zero, the value assum
by the Abelian solutions, Eq.~113!. With increasing node
number, though, one expects the solutions to get close to
Abelian solution, sinceH2 and H4 are close to zero in an
increasing interval.

Let us now address the limiting non-Abelian solution
obtained in the limitvH→0. Along the lower branch the
limiting solution corresponds to a static spherically symm
ric non-Abelian black hole solution. In contrast, along t
upper branch mass and angular momentum of the solu
diverges, thus the limiting solution is singular. Comparis
with the Abelian solutions shows that in the limitvH→0,
electric and magnetic charge become negligible whenQ
!1 and uPu51. Consequently, the ratioM /a tends to one
for fixed xH .

We gain some understanding of the limiting solution
noting that it can be obtained numerically, as a non-Abel
gauge field solution in an extremal background metric. Sc
ing the radial coordinate and angular momentum per u
10400
e

is

e
e

e
d

er
ll,
r

ll
he
s
of

r-

-
r-

.
o

he

,

-

n

n
l-
it

mass by the mass, and taking the limitM→`, the metric
decouples from the gauge field, i.e.,Gmn50. Taking the lim-
iting extremal Kerr solution as background metric, one c
solve the gauge field equations numerically. The correspo
ing solution is then independent of the isotropic horizon
diusxH . The limiting value of the electric charge obtained
this way isQlim50.124.

D. Local charges

In Figs. 5~a!–5~d! we present the local chargesM (x),
J(x), Q(x), and P(x), Eqs.~88!, ~89! and Eqs.~93!, ~94!,
for the black hole solutions with one node on the lower a
upper branch, for horizon radiusxH51 andvH50.04. We
also show these charges for the black hole solution with th
nodes on the lower branch for the same set of paramete

In Fig. 5~a! the local massM (x) is shown. We observe
that the mass at infinity, representing the global mass, is o
slightly larger than the mass at the horizon. For the soluti
shown, we find on the lower branch the global mas
Mk51'2.357 andMk53'2.371, and on the upper branc
we find Mk51'10.25. Thus the fields outside the horizo
contribute little to the mass.

In Fig. 5~b! the local angular momentumJ(x) is shown.
Again, the global angular momentum, read off at infinity,
only slightly larger than the angular momentum at the ho
zon. For the solutions shown, the global angular momen
on the lower branch isJk51'1.852 andJk53'1.872, and on
the upper branch it isJk51'102.5.

The local electric chargeQ(x) is shown in Fig. 5~c!. For
solutions on both branchesQ(x) decreases significantly with
increasingx, giving rise to a large difference between th
horizon electric charge and the global electric charge. In g
eral Q(x) is smaller on the lower branch than on the upp
branch, where it assumes values between'0.9 at the horizon
and 0.09 at infinity for the solutions shown. The decrea
with x indicates the presence of a charge density outside
horizon, cancelling part of the horizon charge.

We show the local magnetic chargeP(x) in Fig. 5~d!. In
contrast to the local electric charge, the local magne
charge is not monotonic but possesses a maximum of m
nitude one, for the solutions on both branches. At infin
P(x) vanishes, in accordance with the boundary conditio
corresponding to a vanishing global magnetic charge. W
increasing node number, the local magnetic charge rem
close to the value one in an increasing region, as in the s
case@3#. This again indicates that in the limitk→`, the
rotating non-Abelian black hole solutions tend to a limitin
solution with magnetic chargeuPu51, like their static coun-
terparts@26#.

E. Horizon properties

We now turn to the horizon properties of the rotating no
Abelian black holes. In Figs. 6~a!–6~d! we demonstrate the
dependence of the horizon mass, the horizon angular
mentum, and the horizon electric and magnetic charges
vH for fixed isotropic horizon radiusxH , for black hole so-
1-15
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KLEIHAUS, KUNZ, AND NAVARRO-LÉRIDA PHYSICAL REVIEW D 66, 104001 ~2002!
lutions with one node. The corresponding horizon size,
deformation of the horizon, and the surface gravity a
shown in Figs. 7~a!–7~c!.

The horizon massMD follows closely the global massM,
as seen in Fig. 6~a!, where the horizon mass is shown f
black hole solutions with horizon radiusxH50.1 and xH
51. Similarly, the horizon angular momentumJD closely
follows the global angular momentumJ. The horizon angular
momentum per unit mass,aD5JD /MD , is shown in Fig.
6~b!. Both horizon mass and horizon angular momentum
close to the corresponding Kerr-Newman values for so
tions with Q50 andP521.

FIG. 5. ~a! The local massM (x) is shown forxH51.0, vH

50.04 andk51 on the lower and upper branch, and fork53 on
the lower branch.~b! The same as~a! for the local angular momen
tum J(x). ~c! The same as~a! for the local electric chargeQ(x). ~d!
The same as~a! for the local magnetic chargeP(x).
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The horizon electric chargeQD , shown in Fig. 6~c!, in-
creases monotonically along both branches, like the glo
non-Abelian electric chargeQ. It is, however, about an orde
of magnitude larger than the global non-Abelian elect
chargeQ. The horizon magnetic chargePD is shown in Fig.
6~d!. Whereas the black holes carry no global non-Abel
magnetic charge, their horizon magnetic charge is on
order of one. Starting from finite values on the lower bran

FIG. 6. ~a! The horizon massMD is shown as a function ofvH

for k51, xH51 andxH50.1 on the lower branch~solid line! and
on the upper branch~dashed line!. For the same values of param
eters the horizon mass of the Kerr-Newman solution~dotted line!
for Q50 and uPu51 is also shown.~b! The same as~a! for the
angular momentum per mass at the horizonaD5JD /MD . ~c! The
same as~a! for the horizon electric chargeQD . ~d! The same as~a!
for the horizon magnetic chargePD .
1-16
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ROTATING EINSTEIN-YANG-MILLS BLACK HOLES PHYSICAL REVIEW D 66, 104001 ~2002!
which correspond to the horizon magnetic charges of
static solutions,PD decreases monotonically along the low
branch. It then reaches a minimum along the upper bra
and increases again. The location of the minimum stron
depends onxH .

The horizon size as quantified by the area parameterxD is
shown in Fig. 7~a! for black holes with isotropic horizon
radii xH50.1 andxH51 as a function ofvH . The horizon
area grows monotonically along both branches and dive
along the upper branch. Comparison with the correspond
Abelian black hole solutions again shows that the n
Abelian horizon size follows closely the Kerr-Newman ho
zon size forQ50 andP521, whereas only for largexH it
is also close to the Kerr horizon size.

The deformation of the horizon is revealed by measur
the circumference of the horizon along the equator,Le , and
the circumference of the horizon along the poles,Lp , Eq.
~81!. The deformation of the horizon, quantified byLe /Lp ,
Eq. ~81!, is shown in Fig. 7~b!. The ratioLe /Lp grows mono-
tonically along both branches. AsvH tends to zero on the

FIG. 7. ~a! The area parameterxD is shown as a function ofvH

for k51, xH51 andxH50.1 on the lower branch~solid line! and
on the upper branch~dashed line!. For the same values of param
eters the corresponding functions of the Kerr solution~thin solid
line! and the Kerr-Newman solution~dotted line! for Q50 and
uPu51 are also shown.~b! The same as~a! for the ratioLe /Lp . ~c!
The same as~a! for the surface gravityk.
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upper branch, the ratio tends to the valueLe /Lp'1.645,
corresponding to the value of the limiting extremal Kerr s
lution, for M→`. On the lower branch the ratioLe /Lp as-
sumes the value one in the limitvH→0, corresponding to
the value of a static spherically symmetric hairy black ho
Also shown are the corresponding embedded Abelian s
tions, approaching the same limiting values of the deform
tion.

The surface gravityksg is exhibited in Fig. 7~c!, along
with the surface gravity of the Kerr and the Kerr-Newm
solutions forQ50 andP521. The surface gravity of the
non-Abelian black holes decreases monotonically along b
branches, starting from the value of the corresponding st
non-Abelian black hole solution on the lower branch in t
limit vH→0. On the upper branch the surface gravity ten
to zero in the limitvH→0, the value assumed by extrem
black hole solutions. The surface gravity of Kerr-Newm
and non-Abelian solutions agrees well for black hole so
tions with large horizon radii, for black hole solutions wit
small horizon radii, however, a difference is observed on
lower branch. Here, in the limitvH→0, the rotating non-
Abelian black hole solutions approach the correspond
static non-Abelian black hole, and the Kerr-Newman so
tions approach the corresponding Reissner-Nordstro”m black
hole with Q50 andP521. For these static solutions th
difference in surface gravity in known to decrease with
creasing horizon size@3#.

F. Fixed vH

Having considered the rotating hairy black hole solutio
for fixed horizon radiusxH as a function ofvH , let us now
keepvH fixed and vary the horizon radius.

In Fig. 8 we show the massM of the non-Abelian black
hole solutions as a function of the isotropic horizon radiusxH
for vH50.01, vH50.02, andvH50.05. For a given value
of vH there is a minimal value of the horizon radiusxH . In
particular, the limitxH→0 is only reached forvH→0. Thus
we do not obtain globally regular rotating solutions in t
limit xH→0 @12#.

For comparison, Fig. 8 also presents the massM of the
corresponding Kerr solutions and Kerr-Newman solutio

FIG. 8. The dimensionless massM is shown as a function ofxH

for k51 andvH50.01, 0.02, and 0.05 on the lower branch~solid
line! and on the upper branch~dashed line!. For the same values o
parameters the corresponding functions of the Kerr solution~thin
solid line! and the Kerr-Newman solution~dotted line! for Q50
and uPu51 are also shown.
1-17
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KLEIHAUS, KUNZ, AND NAVARRO-LÉRIDA PHYSICAL REVIEW D 66, 104001 ~2002!
with Q50 andP521. For a fixed value ofvH , the mass of
the Kerr solutions forms two straight lines, extending fro
the origin. The non-Abelian solutions tend toward these lin
for large values of the horizon radius. The mass of the K
Newman solutions again is close to the mass of the n
Abelian solutions. In particular, we observe that the minim
values of the horizon radius only differ slightly for the no
Abelian and Kerr-Newman solutions.

G. Fixed vH ÕxH

Let us finally consider the variation of the parametersxH
andvH , while keeping their ratiovH /xH fixed.

The global charges of the black hole solutions with o
node are shown in Fig. 9 for fixed ratiovH /xH50.04. The
massM and the angular momentum per unit massa increase
monotonically along both branches, reaching finite limiti
values on the upper branch forvH→0. Except in a small
region close tovH50 on the lower branch the non-Abelia
electric chargeQ also increases monotonically. The no
Abelian electric charge also approaches a finite limit
value on the upper branch, apparently close to the limit
valueQlim'0.124, observed previously.

To gain a better understanding of the limiting behavior
the upper branch, we consider also the horizon properties
these black hole solutions. In Fig. 10 we show their horiz
sizexD , their deformationLe /Lp , and their surface gravity
ksg. On the upper branch the horizon size, the deformat

FIG. 9. The dimensionless massM, ratio a5J/M , and electric
charge Q are shown as a function ofxH for k51 and fixed
vH /xH50.04 on the lower branch~solid line! and on the upper
branch~dashed line!. For the same values of parameters the cor
sponding functions of the Kerr solution~thin solid line! and the
Kerr-Newman solution~dotted line! for Q50 anduPu51 are also
shown.

FIG. 10. The same as Fig. 9 for the horizon parameterxD , the
ratio Le /Lp , and the surface curvaturek.
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and the surface gravity of the non-Abelian black hole so
tions are very close to those of the Kerr-Newman solut
with Q50 andP521. In particular, the horizon size an
deformation remain finite on the upper branch in the lim
vH→0, and the surface gravity tends to zero. This indica
that an extremal black hole is approached in this limit. Sin
the limiting black hole solution retains its non-Abelian cha
acter in the gauge field functions, it should correspond t
rotating hairy extremal black hole.

On the lower branch in the limitvH→0, the correspond-
ing Bartnik-McKinnon solution@3# is approached by the
non-Abelian solutions, whereas the Kerr-Newman solutio
approach a Reissner-Nordstro”m solution. This limiting be-
havior is suggested by a detailed inspection of the metric
gauge field functions. In Fig. 10 this limiting behavior
reflected in the fact that the horizon size of the non-Abel
solutions tends to zero, whereas the horizon size of the K
Newman solutions tends to a finite value. Furthermore,
surface gravity of the non-Abelian solutions apparently
verges in the limit, in agreement with the static non-Abeli
results@3#, whereas the surface gravity of the Kerr-Newm
solutions tends to zero, the value of an extremal Reiss
Nordstro”m solution.

VI. CONCLUSIONS

We have given a detailed account of a new class of bl
hole solutions in SU~2! EYM theory, which represent the
first examples of nonperturbative stationary non-Abel
black hole solutions@16#. These black hole solutions carr
mass, angular momentum, and a non-Abelian electric cha
Although they do not carry a non-Abelian magnetic char
they still possess nontrivial magnetic gauge fields outs
their regular event horizon. They therefore represent rota
hairy black hole solutions.

The global charges of the rotating hairy black hole so
tions are not independent. For a given mass and angular
mentum, as well as node number of the solution, a uni
electric charge is obtained. Whereas mass and angular
mentum are unbounded, we observe that the electric ch
remains very small.

The event horizon of the stationary axially symmet
black hole solutions resides at a surface of constant isotr
radial coordinate,x5xH . The boundary conditions at th
horizon ensure regularity of the horizon. The horizon ma
and horizon angular momentum are only slightly smal
than the global mass and the global angular momentum
the black hole solutions. The horizon electric charge is, ho
ever, significantly larger than the global electric charge, a
the solutions possess horizon magnetic charge of order
whereas their global magnetic charge vanishes.

The rotating hairy black hole solutions emerge from t
static hairy black hole solutions in the limit of vanishin
angular momentum. Since the static spherically symme
black hole solutions form a sequence labeled by the n
numberk of the gauge field function, we obtain the corr
sponding sequence of rotating black hole solutions by st
ing from the static black hole solutions and imposing a sm
angular velocity of the horizon via the boundary condition

-
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ROTATING EINSTEIN-YANG-MILLS BLACK HOLES PHYSICAL REVIEW D 66, 104001 ~2002!
The rotating non-Abelian black hole solutions are rath
close to the Kerr-Newman solutions withQ50 and P5
21. In particular, the metric and gauge field functions of t
non-Abelian solutions are very close to those of the Abel
solutions, except for those gauge field functions which
not vanish in the static limit. These retain the non-Abeli
character of the solutions. However, with increasing no
number, these functions also tend to their Abelian coun
parts.

The asymptotic expansion performed for the metric a
gauge field functions, contains noninteger powers for
gauge field functions. In particular, the noninteger expone
depend on the non-Abelian electric charge. The expan
then imposes constraints on the possible values of the e
tric charge. Since in the static limit the non-Abelian elect
charge vanishes, the well-known power law decay of
static gauge field functions is recovered.

The expansions of the metric and gauge field function
the horizon show that the rotating hairy black hole solutio
satisfy the zeroth law of black hole mechanics@19#. Rela-
tions obtained recently within the isolated horizon fram
work @17,21# concerning various horizon properties, such
the horizon mass and the horizon charges, will be conside
elsewhere.

The hairy black hole solutions constructed here nonp
turbatively were first considered perturbatively@12#. To com-
pare with these perturbative calculations, where linear ro
tional excitations of the static EYM black holes we
studied, we consider the slowly rotating non-Abelian so
tions in the limitvH→0. In the perturbative calculationsQ
}J @12#, and the ratioQ/J depends only on the horizo
radius. The nonperturbative calculations show good ag
ment with the nonperturbative results for the slowly rotati
solutions with large values of the horizon radius.

Besides these non-Abelian stationary black hole soluti
with finite angular momentumJ and finite electric chargeQ,
perturbative studies@15# have predicted two more types o
stationary non-Abelian black hole solutions. These cor
spond to rotating black hole solutions which are unchar
(J.0, Q50), and nonstatic charged black hole solutio
which have vanishing angular momentum (J50, QÞ0).
Both types satisfy a different set of boundary conditions
infinity.

This different set of boundary conditions at infinity shou
also be observed by rotating regular non-Abelian soluti
@15#. The numerical construction of such nonperturbat
regular solutions has been attempted recently@28#, and argu-
ments have been put forward that such solutions should
exist. Our attempts to obtain numerically the nonperturba
counterparts of the predicted further types of black hole
lutions have met with the same difficulties for the same r
sons@29#.

In addition to the rotating black hole solutions consider
here, there might be rapidly rotating branches of non-Abe
black holes solutions in EYM theory, not connected to t
static solutions. There should also be rotating hairy bla
hole solutions in other non-Abelian theories such
Einstein-Yang-Mills-Higgs theory. For instance, we expe
rotating black hole solutions with magnetic charge and w
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magnetic dipole hair@6,7#. Furthermore, the recent conjec
ture that ‘‘any dyon solution with nonzero angular mome
tum necessarily contains an event horizon’’@28# awaits in-
vestigation.
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APPENDIX A: RICCI CIRCULARITY CONDITIONS

Let us demonstrate that the ansatz for the metric~8! sat-
isfies the Ricci circularity conditions, Eq.~11!.

The Killing vectorsj5] t andh5]w have components

jm5~1,0,0,0!, jm5jngmn5~gtt ,0,0,gtw!,
~A1!

hm5~0,0,0,1!, hm5hngmn5~gwt ,0,0,gww!.

Consider the Ricci circularity conditionjmRm[ajbhg]50,
Eq. ~11!, where the square bracket denotes antisymmetr
tion. HenceaÞbÞg. Thus jmRm[ajbhg]Þ0 is only pos-
sible if eitherb50, g53 or b53, g50. In both casesa
51 or a52.

For a51,

jmRm[1j0h3]5R0[1j0h3]

5
1

6
~R01j0h31R00j3h11R03j1h0

2R03j0h12R00j1h32R01j3h0!

5
1

3
R01~j0h32j3h0!

5
1

3
R01~gttgww2gwt

2 !,

and similarly, fora52,

jmRm[2j0h3]5
1

3
R02~gttgww2gwt

2 !,

since all other components vanish due toj150,j250 and
h150,h250.

On the other hand, the ansatz for the metric Eq.~8! yields

R015Rtr50, R025Rtu50.

Consequently,jmRm[ajbhg]50.
Note thatRtr50, Rtu50 implies Gtr5Rtr21/2gtrR50

and Gtu5Rtu21/2gtuR50, respectively. ThereforeTtr50
andTtu50 is a necessary condition for the solutions of t
Einstein equations. In a similar fashion it can be shown t
the Ricci circularity conditionhmRm[ajbhg]50, Eq.~11!, is
satisfied by the metric~8! and impliesTwr50 andTwu50.
However, for the Ansatz~15! for the gauge field these con
1-19
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ditions are fulfilled identically. Hence the solutions satis
the Ricci circularity conditions.

APPENDIX B: ASYMPTOTIC EXPANSION

1. General asymptotic expansion

The asymptotic expansion of the fields may be obtain
from the field equations and the corresponding bound
conditions. However, the process is rather involved. Inde
the most natural assumption for the asymptoticr-dependence
of the functions, i.e., polynomial, seems to be in contrad
tion with the presence of a nonvanishing electric charge
view of that and inspired by perturbative results@12#, we
allowed for the presence of logarithms in the expansions.
then observed that, when keeping only a finite number
logarithmic terms, the charge was forced to vanish. By p
mitting an infinite number of such terms, however, it beca
possible to obtain a consistent expansion in the presenc
an electric charge. This feature then suggested to inc
noninteger powers ofr, with the exponents depending on th
electric charge.
10400
d
ry
d,

-
n

e
f

r-
e
of

de

Numerically, we realized that there should be a splitti
of some terms in the 1/r Taylor series expansion of the stat
spherically symmetric case. However, the exponents of
new terms turned out to be very close to integer numb
even though the behavior of the functions could not be
scribed just by means of a 1/r Taylor series. The procedur
of how to compute this expansion was then clear.

First of all, we introduced a formal parametere in order
to characterize terms of the order of 1/r , without assuming a
Taylor series in 1/r for the functions. Then we expanded a
the functions in this formal parameter, the coefficients
such expansions depending onr and u. Finally, we intro-
duced thosee series into the system of field equations, taki
into account the explicit dependence onr in the equations by
including e appropriately. The last step was collecting coe
ficients ine for each equation of the system, and solving t
equations so formed, order by order in this formal parame
keeping in mind the boundary conditions and the fact that
coefficients of thee series had to behave consistently wi
the corresponding power ofe.

Proceeding in this way, the expression for this asympto
expansion is found to be
f 512
2M

x
1

2M21Q2

x2
1oS 1

x2D , m511
C1

x2
1

Q22M222C1

x2
sin2u1oS 1

x2D , ~B1!

l 511
C1

x2
1oS 1

x2D , v52
2aM

x2
1

6aM21C2Q

x3
1oS 1

x3D ,

H15F2C5

x2
1

8C4

b21
x2(1/2)(b21)2

2C2C3~a13!

~a15!Q2
x2(1/2)(a11)Gsinu cosu1oS 1

x2D ,

H25211C3x2(1/2)(a21)1FC5

x2
1C4x2(1/2)(b21)1

C3~a212a211!

2~a11! S M2
2C2~a13!

~a15!Q2 D x2(1/2)(a11)G
1F2

2C5

x2
22C4x2(1/2)(b21)1

C2C3~a11!~a13!

2~a15!Q2
x2(1/2)(a11)Gsin2u1oS 1

x2D ,

H35S C2

x
1C3x2(1/2)(a21)D sinu cosu1FC3~a212a211!

2~a11! S M2
2C2~a13!

~a15!Q2 D x2(1/2)(a11)1C4x2(1/2)(b21)

1
3C3

2

~a11!~a22!
x2(a21)1

2C51C2M23aMQ

2x2 Gsinu cosu1oS 1

x2D ,

H45211C3x2(1/2)(a21)2S C2

x
1C3x2(1/2)(a21)D sin2u1FC3~a212a211!

2~a11! S M2
2C2~a13!

~a15!Q2 D x2(1/2)(a11)

1C4x2(1/2)(b21)1
C5

x2 G2FC3~a212a211!

2~a11! S M2
2C2~a13!

~a15!Q2 D x2(1/2)(a11)1C4x2(1/2)(b21)

1
3C3

2

~a11!~a22!
x2(a21)1

2C51C2M23aMQ

2x2 Gsin2u1oS 1

x2D ,
1-20
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B̄15
Qcosu

x
2

MQ cosu

x2
1F2C4~b25!

~b21!Q
x2(1/2)(b11)2

4C2C3Q

~a23!~a15!
x2(1/2)(a13)1

C3
2~a22a28!Q

a~a21!~a12!~a23!
x2a

1
2Q32C1Q14M2Q14C5Q22C6

6x3 Gcosu1FC6

x3
1

C3
2Q

~a12!~a23!
x2a1

8C4Q

~b21!~b15!
x2(1/2)(b11)

1
4C2C3Q

~a23!~a15!
x2(1/2)(a13)Gcos3u1oS 1

x3D ,

B̄25
Q sinu

x
2

MQ sinu

x2
1F2Q32C1Q14M2Q22C5Q22C6224aM

6x3
1

C3
2~a22a28!Q

a~a21!~a12!~a23!
x2aG

3sinu1FC6

x3
1

C3
2Q

~a12!~a23!
x2a1

4C2C3Q

~a23!~a15!
x2(1/2)(a13)2

2C4~b25!

~b21!Q
x2(1/2)(b11)Gsinu cos2u1oS 1

x3D ,
on
t

tu
a

to
tri
o

ns
-
in

lly
r

-

with the notation of Sec. III A.

2. Asymptotic expansion: Relation with static case

Here we show how the previous asymptotic expansi
reduce to the ones corresponding to the static case in
limit of vanishing charge. Moreover, as these are nonper
bative expansions, they must include the perturbative exp
sions reported in@12#. This is indeed the case. In order
perform perturbative expansions in terms of the elec
charge, we must recall that, for a fixed value of the horiz
radius, all the parameters in these expansions are functio
Q. Due to the presence ofQ in some denominators, the de
pendence onQ of these coefficients has to be singular,
such a way that the resulting series inQ turns out to be
regular. The behavior of the constants as functions ofQ reads

M5M01Q2K0~Q!, C152
1

2
M0

21Q2K1~Q!,

~B2!

C252b1Q2K2~Q!, C35b1Q2K3~Q!,

C452
5

4

b2

Q2
1K4~Q!,

C55
1

2

b2

Q2
1F 7

48
b21

3

4
b@K2~Q!2K3~Q!#

2
1

5
K4~Q!G1QK5~Q!,
10400
s
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c
n
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C652
1

5

b2

Q
1QF 1

16
b21

3

4
bK2~Q!2

3

20
bK3~Q!

2
1

5
K4~Q!G1Q2K6~Q!,

a5QK7~Q!,

whereM0 is the dimensionless mass of the static spherica
symmetric solution,b is the parameter of the gauge field fo
such a limiting solution, andK1 , . . . ,K7 are regular func-
tions of Q. Introducing these relations in Eq.~B1! and ex-
panding the result inQ, we recover the perturbative expan
sions given in@12#:

f 512
2M 8

x
1

2M 82

x2
1O~Q2!, ~B3!

m512
M 82

2x2
1O~Q2!,

l 512
M 82

2x2
1O~Q2!,

v52
2J8M 8

x2
1

6J8M 822a8Q8

x3
,

H15O~Q2!,
1-21
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H25211
a8

x
1

2a8M 823a82

4x2
1O~Q2!,

H35O~Q2!,

H45211
a8

x
1

2a8M 823a82

4x2
1O~Q2!,

B̄15
Q8cosu

x
2

M 8Q8cosu

x2
1

1

60x3
cosu~40a82Q8

1225M 82Q81120c4828a82Q8ln x!1O~Q2!,

B̄25
Q8sinu

x
2

M 8Q8sinu

x2
2

1

60x3
sinu~45M 82Q8

1240J8M 8160c4824a82Q8ln x!1O~Q2!,

where primes denote the notation of Volkov and Strauma
which is related to our notation by

M 85M0 , a85b,

Q85Q, J85QK7~0!, ~B4!

c485
Q

200
$100b@K2~0!2K3~0!#231b22300M0

2

280K4~0!%.

3. Asymptotic expansion: Embedded Kerr-Newman solutions

For comparison, we present the asymptotic expansion
for the embedded Kerr-Newman solutions for our choice
coordinates and gauge. The expansion reads

f 512
2M

x
1

2M21Q21P2

x2
1OS 1

x3D , ~B5!

l 511
a22M21Q21P2

2x2
1OS 1

x3D , ~B6!

m511
a22M21Q21P2

2x2
2

a2sin2u

x2
1OS 1

x3D , ~B7!

v5
2aM

x2
2

a~Q21P216M2!

x3
1OS 1

x4D , ~B8!
10400
n,

so
f

H150, ~B9!

H250, ~B10!

H352~11P!cotu2
aQ sinu

x

2
a sinu~aP cosu2MQ!

x2
1OS 1

x3D ,

H450,

B̄15
Q

x
1

aP cosu2MQ

x2
1OS 1

x3D , ~B11!

B̄25
2aM sinu

x3
1OS 1

x4D , ~B12!

wherea is the angular momentum per unit mass,M is the
mass,Q is the electric charge, (Q25QaQa), and P is the
magnetic charge (P25PaPa).

APPENDIX C: EXPANSION AT THE HORIZON

We here first motivate our choice of boundary conditio
at the horizon. Then we give the full expansion of the met
and gauge field functions at the horizon and relate this g
eral expansion with the static case.

1. Boundary conditions at the horizon

Let us begin by noting that the ansatz of the gauge fi
has the property@13,28#

]wAm5Dmu, ~C1!

with u5tz/2. The componentsFmw can be expressed as

Fmw5DmW, ~C2!

with

W5Aw2u. ~C3!

The functions ofW transform as a scalar doublet und
gauge transformationsU5exp(iGtf/2), Eq. ~20!. Using the
definition of W, Eq. ~C3!, we find for the componentAt of
the gauge field

At5C1
v

x

tz

2
1

v

x
W5Ĉ1

v

x
W, ~C4!

with
1-22
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Ĉ5C1
v

x

tz

2
, ~C5!

where we used dimensionless coordinates. Thus the f
tions of Ĉ also transform as a scalar doublet under ga
transformations.

To discuss the behavior of the solutions at the horizon
convenient to rewriteC andAw as

C52
B̃1

xH

tz

2
1

B̃2

xH

tr

2
,

~C6!

Aw52sinuF H̃4

tz

2
2H̃3

tr

2 G .
This yields forW andĈ Eqs.~C3!, ~C5!,

W5sinuH̃3

tr

2
2~sinuH̃411!

tz

2
, ~C7!

Ĉ52S B̃1

xH
2

v

x
D tz

2
1

B̃2

xH

tr

2
. ~C8!

We assume~see below! that near the horizon the metri
functions can be expanded as

f 5 f 2d21O~d3!, m5m2d21O~d3!,
~C9!

l 5 l 2d21O~d3!, v5vH1v1d1O~d2!,

whered5(x2xH)/xH and vH is a constant. For the gaug
field functions we assume an expansion in the form

H15H11d1O~d2!,

H25H201H21d1O~d2!,

H̃35H̃301H̃31d1O~d2!,
~C10!

H̃45H̃401H̃41d1O~d2!,

B̃15B̃101B̃11d1O~d2!,

B̃25B̃201B̃21d1O~d2!,

whereH1ux5xH
50 fixes the gauge freedom.

Let us write the field equations as
10400
c-
e

s

Em5
1

A2g
Dn~A2gFnm!50,

~C11!
Emn5Gmn22Tmn50.

The expansion ofEt at the horizon yields

B̃115H̃40~vH2v1!sinu,
~C12!

B̃215H̃30~vH2v1!sinu.

With this result the expansion ofEw leads to the conditions

@~B̃102vH!H̃30sinu2B̃20~H̃40sinu11!#B̃2050,

@~B̃102vH!H̃30sinu2B̃20~H̃40sinu11!#

3~B̃102vH!50. ~C13!

In terms ofW andĈ these conditions are equivalent to

@Ĉ,@Ĉ,W##ux5xH
50⇔@Ĉ,W#ux5xH

50

⇔Ftwux5xH
50. ~C14!

We now assume that the electrostatic potentialC is con-
stant at the horizon, Eq.~55!, i.e., B̃105const andB̃2050.

To discuss the boundary conditions~C14!, let us first as-
sumeĈux5xH

Þ0 andWux5xH
5lĈux5xH

, for some function

l(u). In this case the expansion yields for the gauge pot
tial

Amdxm5H 2F B̃10

xH
1O~d2!Gdt1F l

xH
~B̃102vH!

111O~d2!G S dw1
v

x
dtD J tz

2
1O~d4!. ~C15!

The functionsH1 , 12H2 , H̃3, andB̃2 vanish at least up to
orderO(d4), indicating that we find only embedded Abelia
solutions forĈux5xH

Þ0.

AssumingĈux5xH
50, however, does not imply restric

tions onH20, H̃30 andH̃40. In this case the expansion yield
H215H̃315H̃4150 andv15vH . The last condition implies
B̃115B̃2150. In this case non-Abelian solutions are po
sible.

2. General expansion at the horizon

Here we present the expansion of the functions of
stationary axially symmetric black hole solutions at the h
rizon xH in powers ofd. These expansions can be obtain
from the regularity conditions imposed on the Einstein eq
tions and the matter field equations.
1-23
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f ~d,u!5d2f 2H 12d1
d2

24F 1

xH
2

f 2

l 2
F24cotu@2~2H30,u112H20

2 !H302H20H40,u1H40H40,u#112S H20
2 ~H30

2 1H40
2 21!

1
~H202H40!

21H30
2

sin2u
2~H30

2 1H40
2 !12H20~2H30H40,u1H40H30,u!1122H30,u1H30,u

2 1H40,u
2 D G

22 cotuS 3
f 2,u

f 2
22

l 2,u

l 2
D2S 3

f 2,u

f 2

l 2,u

l 2
16

f 2,uu

f 2
1S l 2,u

l 2
D 2

22
l 2,uu

l 2
21826S f 2,u

f 2
D 2D

2
24

f 2
F4 sinu

v2

xH
~H30B121~12H40!B22!22~B12

2 1B22
2 !2sin2u

v2
2

xH
2 f 2

~xH
2 l 212 f 2~H30

2 1~12H40!
2!!G G J 1O~d5!,

m~d,u!5d2m2H 123d1
d2

24F15024
l 2,uu

l 2
12S l 2,u

l 2
D 2

13
l 2,u

l 2

m2,u

m2
26

m2,uu

m2
16S m2,u

m2
D 2

26S f 2,u

f 2
D 2

12cotuS 3
m2,u

m2
24

l 2,u

l 2
D

124 sin2u
l 2v2

2

f 2
2 G J 1O~d5!,

l ~d,u!5d2l 2H 123d1
d2

12F S l 2,u

l 2
D 2

22
l 2,uu

l 2
17524 cotu

l 2,u

l 2
G J 1O~d5!,

v~d,u!5vH~11d!1d2v21O~d4!,

H1~d,u!5dS 12
1

2
d DH111O~d3!,

~C16!

H2~d,u!5H201
d2

4 Fm2

l 2
S H20~H30

2 1H40
2 21!2H30H40,u1H40H30,u1

H202H40

sin2u
2cotu~22H20H301H40,u!D

2~H11,u1H20,uu!G1O~d3!,

H3~d,u!5H302
d2

8 F2S 2
f 2,u

f 2
2

l 2,u

l 2
D ~12H40H202H30,u2cotuH30!22 cotuH20~H202H40!12H30,uu14H20H40,u

22S H30

sin2u
22 cotuH30,uD 22H30H20

2 22H40~2H112H20,u!28 sinu
l 2v2

f 2
2 ~xHB122sinuv2H30!G1O~d3!,

H4~d,u!5H402
d2

8 F S 2
f 2,u

f 2
2

l 2,u

l 2
D @H40,u2H20H302cotu~H202H40!#1H20~24H30,u12!

12@H30~2H112H20,u!1H40,uu2H40H20
2 #12

H202H40

sin2u
22 cotu~22H112H40,u1H20H301H20,u!

18 sinu
l 2v2

f 2
2 @xHB222sinuv2~12H40!#G1O~d3!,

B̄1~d,u!52
vHcosu

xH
1d2~12d!B121O~d4!,

B̄2~d,u!5
vHsinu

xH
1d2~12d!B221O~d4!.

B12 andB22 are functions ofu. Relations~76! and ~77! also hold.
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3. Expansion: Relation with static case

The general expansion at the horizon includes the exp
sion for the static case. The static limit corresponds to set
vH5v25B125B225H115H3150, m25 l 2, and H40
5H20; in addition, f 2 , l 2, and H20 become constant. Th
expansion reads

f ~d!5d2f 2H 12d1
d2

4 F 2

xH
2

f 2

l 2
~H20

2 21!213G J
1O~d5!,

~C17!

l ~d!5d2l 2S 123d1
25

4
d2D1O~d5!,

H2~d!5H20F11
d2

4
~H20

2 21!G1O~d3!,
10400
n-
g

recovering the known expressions for the behavior at
horizon of the static spherically symmetric black hole so
tions.

4. Expansion: Embedded Kerr-Newman solutions

For comparison, we present the expansion at the hori
also for the embedded Kerr-Newman solutions for our cho
of coordinates and gauge. The expansion reads

f 5
4xH

2 @~M12xH!21a2cos2u#

@2M ~M12xH!2~Q21P2!#2
d2~12d!1O~d4!, ~C18!

m5
4@~M12xH!21a2cos2u#2

@2M ~M12xH!2~Q21P2!#2
d2~123d!1O~d4!,

~C19!

l 54d2~123d!1O~d4!, ~C20!
v5
axH

2M ~M12xH!2~Q21P2!
~11d!2

2axH
2

@2M ~M12xH!2~Q21P2!#3
$~M12xH!@2~M12xH!~M1xH!

2~Q21P2!#12a2xHcos2u%d21O~d3!, ~C21!

H150, ~C22!

H250, ~C23!

H352
1

~M12xH!21a2cos2u
$cotu@~M12xH!21P@2M ~M12xH!2~Q21P2!#1a2cos2u#1aQ~M12xH!sinu%

2
a sinu

2@~M12xH!21a2cos2u#2
@2a2QxHcos2u24aPxH~M12xH!cosu22QxH~M12xH!2#d21O~d3!, ~C24!

H450, ~C25!

B̄15
Q~M12xH!2a cosu

2M ~M12xH!2~Q21P2!
2

1

2@2M ~M12xH!2~Q21P2!#3
$2QxH@2@M ~M12xH!2~Q21P2!#2

1~M12xH!2@~M12xH!214xH
2 ##24axH@~M12xH!@4M PxH2~Q21P2!#22PxH~Q21P2!12~M12xH!2

3~M1xH!#cosu18a2QxH
2 ~M12xH!cos2u28a3xH

2cos3u%d21O~d3!, ~C26!

B̄25
a sinu

2M ~M12xH!2~Q21P2!
2

2axHsinu

@2M ~M12xH!2~Q21P2!#3
$~M14xH!@2M ~M12xH!2~Q21P2!#

22a2xHsin2u%d21O~d3!, ~C27!

where

xH5
1

2
AM22~a21Q21P2!, ~C28!

d5
x

xH
21. ~C29!
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