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Rotating Einstein-Yang-Mills black holes
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We construct rotating hairy black holes in &)Y Einstein-Yang-Mills theory. These stationary axially sym-
metric black holes are asymptotically flat. They possess non-trivial non-Abelian gauge fields outside their
regular event horizon, and they carry non-Abelian electric charge. In the limit of vanishing angular momentum,
they emerge from the neutral static spherically symmetric Einstein-Yang-Mills black holes, labeled by the node
number of the gauge field function. With increasing angular momentum and mass, the non-Abelian electric
charge of the solutions increases, but remains finite. The asymptotic expansion for these black hole solutions
includes noninteger powers of the radial variable.
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[. INTRODUCTION perturbative stationary non-Abelian black hole solutions in
SU(2) EYM theory[12]. Based on the static hairy black hole
The unique family of stationary asymptotically flat black solutions, these slowly rotating black hole solutions revealed
holes of Einstein-Maxwel[EM) theory comprises the rotat- an unexpected property. The rotating black holes carry non-
ing Kerr-Newman and Kerr black holes and the staticAbelian electric charge, whereas their static counterparts are
Reissner-Nordstra and Schwarzschild black holes. EM electrically neutra[12]. In the static spherically symmetric
black holes are completely determined by their mass, theitase electrically charged $2) black holes are even prohib-
charge, and their angular momentum; i.e., EM black holested by the “non-Abelian baldness” theorefd4]. Indeed,
have “no hair”[1,2]. the non-Abelian electric charge of the slowly rotating black
The EM “no-hair” theorem does not generalize to theo- hole solutions turned out to be proportional to their angular
ries with non-Abelian gauge fields coupled to gravigj. momentum, and thus vanishes in the static limit. Subse-
The generic black hole solutions of &) Einstein-Yang- quently, perturbative calculations with more general bound-
Mills (EYM) theory possess nontrivial magnetic fields out-ary conditions predicted even more exotic stationary hairy
side their regular event horizon, representing non-Abeliarblack hole solution$15].
“hair” [3]. In addition to static spherically symmetric hairy  Only recently nonpertubative rotating hairy black hole so-
black holeq4], there are also static hairy black holes, whichlutions were obtained in Sd) EYM theory[16], confirming
are not spherically but only axially symmetri6—7]. This  the perturbative calculatiorjd2]. They are obtained within
shows that Israel’'s theorem does not generalize to theoriabe standard Lewis-Papapetrou parametrization of the metric,
with non-Abelian gauge fields coupled to gravity, either.  and the ansatz for the gauge fields is consistent with the
Obviously, also hairy stationary black hole solutions, rep-circularity and Frobenius conditions. Representing the first
resenting the non-Abelian generalizations of the Kerr-set of nonperturbative rotating hairy black hole solutions,
Newman black hole solutions, should exist, as conjecturethey possess three global charges, a mass, an angular mo-
long ago[8]. The construction of such hairy rotating black mentum, and a small non-Abelian electric charge. They do
hole solutions, however, appeared very difficult. First of all,not carry non-Abelian magnetic charge, although they pos-
it was not clear if the standard Lewis-Papapetrou parametrisess nontrivial magnetic gauge fields outside their regular
zation of the stationary axially symmetric metfi@] would  event horizon.
be sufficiently general and whether an ansatz for the gauge Here we present a detailed account of these rotating hairy
fields, satisfying the Ricci circularity and Frobenius condi-black holes, announced [i6]. We analyze their properties.
tions[9,10], was availabl¢11-13. Second, even within the In particular we discuss their global charges and their hori-
standard metric parametrization the black hole solutiongzon charge$17]. We further introduce local charges to illus-
would only possess axial symmetry. Therefore the construcrate the contributions of the gauge fields outside the event
tion of such solutions would involve the solution of a large horizon. The black hole solutions depend on two continuous
system of coupled nonlinear partial differential equations forparameters, the horizon size, and the angular velocity of the
the metric and gauge field functions and thus represent Borizon. Like their static spherically symmetric counterparts,
numerical challenge. they further depend on the integer node numkesf the
The first progress was achieved with the construction ofjauge field functions. Thus for a given horizon size, when a
small angular velocity of the horizon is imposed, a sequence
of rotating black hole solutions, labeled by the node number
* Also at Departamento de $ica Teaica |l, Ciencias Rsicas, Uni-  k, emerges from the sequence of static black hole solutions.
versidad Complutense de Madrid, E-28040 Madrid, Spain. Furthermore, we present the expansions of the metric and
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gauge field functions at the horizon and at infinity for these i

black holes. The asymptotic expansion for these black holes A,=UA,U"+ E(ﬁ,LU)UT (4)

has the surprising feature that the magnetic gauge field func-

tions approach their asymptotic values with noninteger powy,,qer SW2) gauge transformationis.

ers of the radial coordinate. In _partlcular,_ the noninteger \sriation of the actior(1) with respect to the metrig””

powers depend on the non-Abelian electric charge. In thgads to the Einstein equations

static limit, the non-Abelian charge vanishes and the well-

known integer power fall-off of the static spherically sym-

metric functions is recovered. G =R,,— EQWR:8TTGTW (5)
In Sec. Il we recall the S(2) EYM action and the equa-

tions of motion. We present the stationary ansatz for the me

ric and the gauge field, and discuss its residuél)dgauge

invariance. The global properties of the black hole solutions

and their horizon properties are presented in Sec. Ill. They T,,=9,,Lu—

are obtained from the expansions at infinity and at the hori- g .

zon. The expansions also suggest the set of boundary condi-

tions to be satisfied by the solutions at the horizon and at

infinity. The boundary conditions along the axes follow from =21 FoF 97— ZgquaBFaﬁ , (6)

symmetry and regularity conditions. For comparison, we

present in Sec. IV the embedded Kerr-Newman solutions. Ijariation with respect to the gauge fiedd, leads to the mat-

particular, we transform the Kerr-Newman solutions fromter field equations

Boyer-Lindquist to isotropic coordinates, and further trans-

form them to the gauge employed for the non-Abelian solu- 1

tions. Our numerical results are discussed in Sec. V. In Sec. —DM(\/—_gF’”)=O. (7)

VI we present our conclusions. Appendix A demonstrates the \/__9

circularity condition, Appendixes B and C give details of the

expansion at infinity and at the origin, respectively. B. Stationary ansatz for the metric

Sith stress-energy tensor

To construct rotating axially symmetric EYM black hole
IIl. SU(2) EYM ACTION AND STATIONARY ANSATZ solutions, we employ isotropic coordinates for the metric. In

We here briefly recall the S@) EYM action and the gen- (€rms of spherical coordinates 6, and ¢ the Lewis-
eral set of EYM equations to be satisfied by the stationany®2Papetrou metric is parametrized| 6]

hairy black hole solutions. We then discuss the ansatz for the m mr2

metric and the gauge field functiofis6]. The metric chosen ds?=—fdt?>+ —dr?+ —dé?

is the stationary axially symmetric Lewis-Papapetrou metric f f

[9] in isotropic coordinates. The ansatz for the gauge field Ir 2sirR 9 o )2

represents a generalization of the previously employed static + - (dgo-l— Tdt) , (8

axially symmetric parametrizatiof6,18] to the stationary

case, satisfying the Ricci circularity and Frobenius condi- . .
fying y where the four metric functiorfsm, I, andw depend only on

tions[9]. i .
(9] the coordinates and 6. The z axis represents the symmetry
_ axis.
A. SU2) EYM equations The metric has Killing vector fieldg=d; and »=4,,.
We consider the S(2) Einstein-Yang-Mills action The regularity condition along theaxis[9],
R 1 X, X
— v 4 ’
S—f (m_ETr(FMVFM ) \/—ng (1) :].LX —1, X:y]l’«n/“ (9)
with curvature scalaR, Newton's constanG, and SU2)  requires
field strength tensor
. M| p=o=1]4=0- (10
Fu=0d,A,—d,A,+ie[A, Al (2
_ The ansatz for the metric, E(B), satisfies the Ricci cir-
whereA , denotes the gauge fields cularity conditiong2,9,10
1 *R =0=7*R 11
AMZETaAZ (3) E*Rua€pmy) 7Ruratpy 1D

whereR,,, is the Ricci tensor, and the Frobenius conditions
and e the Yang-Mills coupling constant. The gauge fields
transform as E ;= 0=n.6,6\; 7, (12)
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implying the corresponding conditions for the stress-energy

tensor for solutions of the EYM equatiorisee Sec. I1C2
and Appendix A.

PHYSICAL REVIEW D 66, 104001 (2002

1. Residual gauge invariance

The ansatz15)—(17) is axially symmetric in the sense
that a rotation around the symmetry axis can be compensated

The event horizon of stationary black hole solutions rehy a gauge rotation. The ansatz is form-invariant under Abe-

sides at a surface of constant radial coordinater,;, and is
characterized by the conditiof(ry)=0 [16]. The Killing
vector field

X:(%_(.l)H/rHIS’qp (13)

is orthogonal to and null on the horiz¢m9].
The ergosphere, defined as the region in whigl* is

positive, is bounded by the event horizon and by the surface

where
o
—f+5|r12¢9fw220. (14)
C. Stationary ansatz for the gauge field
For the gauge field\, we choose the ansaf16]
. w
A dx“=wdt+A, d(p-f-Tdt
Mgt (1-Hy)d0) 22 15
with
W=B, . +B,." 16
=Bi5gtBasg (16)
and
. Ty To
Ag==sing Hyz+(1=Ha)5 |, (17)

Here the symbols,, 7,, andr, denote the dot products of

the Cartesian vector of Pauli matricéy,(rx,ry,rz), with
the spherical spatial unit vectors,

e, = (sin 6 cose,sin 6 sinp,cosé),

50=(c050 COS¢,Co0sh sing,—sing), (18

e,=(—sing,cose,0).

The two electric gauge field functior and the four mag-
netic gauge field functionsl; depend only on the coordi-
natesr and 6.

lian gauge transformations whelrg,7,16,18

U=ex%i§r¢r‘(r,a)). (20

The functionsH; andH, transform inhomogeneously under
such gauge transformations,
H 1— H 1= r arl—‘,
(21)
H 2—> H 2 + (?01—‘ f

like a two-dimensional gauge field. The functiddg andH ,
combine to form a scalar doubleti§+cotd,—H,),

H;+cotfd—cosl'(Hz+cotf) +sinl’(—H,),
—H,—cosl'(—H,)—sin'(Hz+cot#). (22

Similarly, the functionsB; andB, transform as

[0} w . o
Bl+cos¢9?—>cosl“ Bl+cose? +smF(Bz—sm0?),

w
B+ c0507> .
(23

- w . w -
B,—sin 9?—>cosl“< B,—sin HT) —sinl’

As previously[5,16,18, we choose the gauge condition

r&rHl—&0H2=0 (24)

with respect to this residual gauge degree of freedom.

2. Stress-energy tensor

Let us now address the stress-energy teffsgrand the
consistency of the ansatz for the gauge fields, EfS)—
(17), with the Ricci circularity conditions. The stress-energy
tensor is circular whef2,9,10

ETualpy=0=7"T 4 1ap7y - (29

To verify these circularity conditions for the stress-energy

tensorT Eq. (6), we expand the field strength tensor in

In the static limit, the ansatz reduces to the static spheri-

cally symmetric SW2) EYM ansatz, where

lI=m, w=0, H,=H,,

(19
H1:H3:B]_:BZ:O,

and all nontrivial functions depend only on the radial coor-

dinater.

v
the form
()T
szé F“"Z_e’ a=r,0,p, (26)
where its nonvanishing componerﬁé”v) are given by
(0 _ 1
Fré :_F[H1,0+rH2,r]’ 27
" siné
Fre=— B [rH3,—HiH,],
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(e):S'”9

1
Fro=——[rHa,+Hy(Hs+coto)], ngz—( rAFOFP+FORD) +FOFS
rm

(I’):_ i _ w
Fbe sind[Hzy+Hzcoto+H,H,—1], +F%?FﬁZ)Jr?[(rFEQ)ZJr(rFEZ,))ZJr(FSj;)Z
F =sing[H, -+ cotd(Hya—H,) —HoHjl,

+(F{211, (29)

1 w
F{D=——|rBy,+H.B,— — sin6[H(1—H . :
tr r [r 1+ H1Bp— 1 sinf[Hy( 4) respectively. As seen from Eq&7) and (28), regularity of

the energy density on theaxis requires

—HstrHg ]~ o, sinﬁHg}, Hal g-0=Halg=0- (30

1 w Ill. BLACK HOLE PROPERTIES
F{=— —[rBZr—HlBﬁ- — sinf[HiH3
r ’ r To obtain stationary axially symmetric black hole solu-
tions which are asymptotically flat, and possess a regular
+(1=Hy) +rHy]— o, sin 0(1—H4)}, event horizon, as well as a finite mass, angular momentum,
and electric charge, we need to impose the appropriate set of
boundary conditions. Looking for black hole solutions with
parity reflection symmetry, we need to consider the solutions
only for 0= 6<=/2. Thus appropriate boundary conditions
must be imposed at infinity and at the horizon, along ghe
_ . W . axis and along the axis (i.e., for = 7/2 and §=0).
COtoH5~Hayl r o HH?’}’ In the following we present these boundary conditions at
infinity, at the horizon, and along the axes. The choice of
» boundary conditions is consistent with the equations of mo-
F§z): —{Bzﬁ H,B;— T sing[H,H4 tion, as seen from the expansions of the metric and gauge
field functions at infinity and at the horizon. These expan-

w
Fl)= —{Blﬂ—Hsz+ T sinO[Hy(1—H,)

wy sions also allow the extraction of the physical properties of
+eotd(1—Hy)—Hyp]— —=sino(1- H4)}, these solutions, such as their global charges or their horizon
charges. We also introduce local charges of the black hole
solutions.
F{$)=—sin6| ByH 4+ B,(Ha+cotd)
A. Behavior at infinity

o . 1. Boundary conditions at infinity
— —sing[cotd(1—H,) +Hgz]|. _ T _ _

r For notational simplicity we now introduce the dimen-
o . sionless coordinatg,
Now it is easily seen thal,, =T;,=T,=T,,=0. Thus the
circularity conditions are satisfiedee Appendix A e

Of particular interest also are the energy density of the X=
matter fields,e= —T8, and the angular momentum density

j=To. They are given by

r, (31

and the dimensionless electric gauge field functiBpsand
B
2 2 2y
~T3= ! f—(r|:§<;;))2+ r 2
2erdm | m | sirfg

XLOFIZ+ (I (FU)?+ (FiD)?]

_ 477G — 477G
Bi=—%B1, Bo=——B,. (32

To obtain asymptotically flat solutions, we impose on the

+12 (rFO) 24 (rF(9) 2+ (F)2+ (F(9)2 metric functions at infinity X=cc) the boundary conditions
f|x:w:m|x=x:||x:x:11 w|x=oc:0- (33
m
+ ———(F{)? (28) By requiring the four magnetic gauge field functidtisto
| sirfe satisfy
and Hl|x=oc:H3|x=oc:Oa H2|x=oo:H4|x=oc:ilv (34)
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and the two electric gauge field functioBs to satisfy Ho— —1+C3x‘(1/2)(“‘1)—(%+C3x‘(1’2)(“‘1)

Bl|x:w:BZ|x:w:01 (39 1

the black hole solutions are magnetically neutral, but they Xsinfo+o ;)' (43
may carry a non-Abelian electric charge.

The node numbek of the gauge field functions is defined _  Qcosf 1
by the number of nodes of the functiokk, andH, [5,18]. B,= (—2) , (44
For each node number there are two degenerate solutions, X
specified by the value oH, and H, at infinity, H,()
=H,()==*=1. These solutions are related by the large — Qsind 1
gauge transformatiotd = r,, transforming the gauge field B,= X ; ' (45
functions according to

wherea, M, Q, andC,, ... ,Cs are dimensionless constants,

Hi—=Hi, Ho——Hz  Hs—=+Hs,  He—m—Hy, and @ and 8 determine the noninteger fall-off of the mag-

netic gauge field functionsl;, with
— — — — w
—+ ——B,+sing—.
Bim#Bi, Bam = Batsings a=19-4Q% p=25-4Q% (46)

Because of this gauge symmetry we can choose the gaugdeirther details of the asymptotic expansion are presented in
field functions to satisfyH,(%)=H,(«)=—1. Solutions Appendix B.
with an odd number of nodes then have positive valug$.of

andH, at the horizon, whereas solutions with an even num- 3. Global charges
ber of nodes have negative valuestbf andH, at the hori- Let us now obtain the global charges of the EYM solu-
zon. tions from the asymptotic behavior of the metric and gauge

field functions.
The mass and the angular momentum are obtained from
The asymptotic expressions for the metric and gauge fielthe metric componentg;; and g;,,, respectively{20]. The
functions are asymptotic expansions for the metric functidrendw, Egs.
(36) and (39), yield for the dimensionless ma#s and the

2. Expansion at infinity

2M 1 dimensionless angular momentuhs aM the expressions
f=1-—+0| —/|, (36)
X x? 1 1
M= limx?4,f, J== limx’w. (47
2 2 2 X—00 2 X— 00
C, Q°—M--2C; .
m=1+—2+—25|n26+o il (37 . . . .
X X X The asymptotic behavior of the gauge fields yields the
non-Abelian electric charg®"™ and magnetic charge™™
N 1 of the black hole solutions. Let us define the gauge-invariant
=1+ —+0| |, (38 non-Abelian electric charg®"™ [17] as
X X
1 - Q
2aM [ 1 QM=1— ¢ \[2 (*Fy’dede=—, (49
w=—-——+0| =/, (39 :
X X
where the integral is evaluated at spatial infinity, ahd
oC 8C represents the dual field strength tensor. Insertion of the
H,= ZES L TFA L —2)(B-1) asymptotic expansion of the gauge field functions, Egs.
x2  B-1 (40)—(45), into the respective field strength tensor compo-
C.C 3) L nents, Eq.(26), then yields for the dimensionless non-
+ . .
L2 3(a x~12)@+1)| 5in g cosd+ o| — |, Abelian electric charge
(a+5)Q? x? _ _
= lim x(coséB+sin6B,), 49
@0 Q= lim x(cos6B; ) (49
Hy=—1+4Cgx~ (M@ 1y o(x~ (1D (—1)) (41)  i.e., the non-Abelian electric charge can be read off directly
from the asymptotic behavior of the electric gauge field func-
C, . 1 tions B, andB.
=== —(12)(a—1) - 1 2-
Ha=| 5 +Cax singcoso+o x)’ Likewise, the gauge-invariant non-Abelian magnetic

(42)  chargeP™ is obtained fron{17]
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1 : P Bily_x,= — COSOW
PYM:— % FI 2d0d =—, 50 LiIX=xy (OR]
2 P V2 (Fu)fdede=o. (50 -

. . . Bo|y_y =SinNOV,.
where the integral is evaluated at spatial infinity. Again, in- 2lxx, 0
sertion of the asymptotic expansion of the gauge field func=I'he equations of motion, Eg7), then yield for non-Abelian
tions into the respective field strength tensor component

yields the global charge. For the dimensionless non-AbeIiar%OIU'[Ions the conditions

magnetic charge we thus obtain Vo= wy /Xy (57)
P=0. (51
3Xw|X:XH=wH/XH, (58)
As imposed by the boundary conditions, the EYM solutions
carry no magnetic charge. as well as
B. Boundary conditions along the axes (X§X§1)|XZXH=O, (Xﬁx§2)|X:XH=O, (59

The boundary conditions along the and z axes @
=/2 and §=0) are determined by the symmetries. The
metric functions satisfy along the axes

and, taking these conditions into account,

(59H1+X5XH2)|X:XH:O:

94f| g=0=0gM| g=0= 4l | =0= g y—0=0,
(52 (XdxHz—H1Hg)[x=x,=0, (60)
9f] 9= 2= M| g 2= gl | = w12= g 9= 712=0.

For the gauge field functions symmetry considerations lead [X‘?XH“’LHl(H3+C0t0)]|X:XH:0’

to the boundary conditions ] ) g )
which derive fromF{%), F§2 and F§¢), respectively. Thus

Hilp—0=H3|p=0=0, dyH|p—0=0¢H4lp=0=0, the regularity conditions at the horizon imply

— — PE lx=x. =0, Frolx=x.=0, Fglx=x.=0. (61
Balg=0=0, ¢B1lp=0=0, Halp=r2=Hs|p= =0, A & XH ol XH “P|X a oy
o (53) Furthermore, the gauge condition, Eg4), implies
IgH 2| 9= mi2= IgHal 6= 22=0,  Bi|p= =0,
- (Xale_50H2)|x:xH:0-
99B2lg=m12=0 . _

- _ _ . However, for black hole solutions the gauge condit{@d)
along the axes. In addition, regularity on thexis requires  still allows for nontrivial gauge transformations satisfying
condition(10) for the metric functions and conditig80) for
the gauge field functions to be satisfied. x2(9§F+x(9XF+(9§F=O. (62)

C. Behavior at the horizon To fix the gauge, we choose the additional condition
» ) [5,16,19
1. Boundary conditions at the horizon

The event horizon of stationary black hole solutions re- (9gH1)|x=x,=0, (63)
sides at a surface of constant radial coordinatex,, and is
characterized by the conditioi{x) =0 [16]. Requiring the ~ which implies H;|,—,,=0 when we take into account the
horizon to be regular, we obtain the boundary conditions apoundary condition on the axedy |- o.-2=0, Eq.(53.
the horizon. For the numerical solutions we then impose on the gauge

At a regular horizon the metric functions must satisfy  field functions the set of boundary conditions

f|x:xH:m|x:xH:||x:xH:01 w|x:xH:wH’ (54) H1|x=xH201 axH2|x=xH:Ov ﬁxH3|x=xH:Oa

wherewy is constant at the horizon.

To obtain the boundary conditions for the gauge field
functions, we start by requiring that the electrostatic potential B
¥ =(x*A,), with Killing vector x, Eq. (13), is constant at xHBZ|X=XH=sin Qo .
the horizon[21],

axH4|x:xH=01 XH§1|x:xH= —cosfwy, (64)

V= (X“AM)|x=xH:COHSta (55) 2. Expansion at the horizon
Expanding the metric and gauge field functions at the ho-
(see also Appendix CThis yields the conditions rizon in powers of
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5= X 1 (65) The areaA of the black hole horizon defines the area param-
XH eterx, via
ields

Y A=4mx3. (79

f(8,0)=6f,(1—6)+0(5%), (66)
The entropyS of the black hole then corresponds to
m( 8, 60)= 8°my(1—368)+0(5%), (67)
A

S= 7 (80

1(8,0)= 8%l ,(1—38)+0(5%), (68)

To obtain a measure for the deformation of the horizon we
(8,0)=wy(1+8)+0(5%), (69) compare the dimensionless circumference of the horizon
along the equatot, ., with the dimensionless circumference
of the horizon along the polet,;,

1
H1(5,0)=5(1—§5)H11+O(63), (70)
2m |
Le=f de \[?xsina ,
Hy(8,0) =Hyg+ O(67), (71) ° X=Xy 6= mi2
(81)
H3(8,0)=Hat+O(6%), 72 m m
3(8,0)=Hag+O(6%) (72) Lp=2fd0\/;x |
0 X=Xy ,p=const
H4(5,0):H40+O(52), (73)
and consider, in particular, their ratiq./L .
= w{COSH The surface gravity of the black hole solutions is obtained
B.(8,0)=— +0(8?), T omizg o
e wHSin 0 2 Kgg: - 1/4(VMXV)(VMXV)I (82)
B2(0,0)= +0(59). (75

with Killing vector y=£¢— (wy/Xy) 7. Inserting the expan-
sion in §=(x/xy—1) at the horizon, Eq¥66)—(69), yields

The expansion coefficienfs,, m,, |,, Hy1, Hyg, Hao, and : f :
for the dimensionless surface gravity

H 40 are functions of the variable. Among these coefficients
the following relations hold:
f2(0)
Ky ———. (83
0= dgmy _Zﬁafz (76) * XMy 6)

my f

As seen from Eq(76), kg4 is indeed constant on the horizon,
H11=dpH 0. (770 as required by the zeroth law of black hole mechanics. The
dimensionless temperatufeof the black hole is proportional

Further details of the expansion at the horizon are given iﬁo the surface gravity,
Appendix C.

3. Horizon properties o

Let us now obtain the horizon properties of the EYM
solutions from the expansion at the horizon of the metric and Let us now consider the Yang-Mills horizon charges. By

gauge field functions. evaluating the integrals, Eq&48) and (50), at the horizon,
The first quantity of interest is the area of the horizon. Thewe obtain the horizon electric charge, and the horizon
dimensionless areA is given by magnetic charg®, [17], respectively,

w NP e .
Azzwfo désine fzz 2x2. (78) Q=7 \/Z (*F,)2d6de, (85)
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e .
Pa=7o 5{5 \ 2 (Fy,)%dode,

ties.

D. Local charges

To define the local mass let us first consider the general =i

definition of the total masésee e.g.[19])

viea|
b
1

1
- T M
SWeJ > 8 oV E7dXAX,

1
T ETgw) n“g'dV

where 3 denotes an asymptotically flat hypersurface
bounded by the horizon H]V is the natural volume element

on X, n*=(1,0,0~w/r)/\f is normal to3 with n,n*=

—1, and¢” denotes the time-like Killing vector field.

Note thatT=0 for the action, Eq(1). Straightforward

calculation yields

T, n“E'dV=—T3\/—gdrdéde

1
— 0
iy GR V—gdrdéde,

where in the last step the Einstein equations have been used.

Integration over, yields

RO\/ gdrdéde

2 (#2( I af 1
= — — 2 I —_—— — i
e [ Frsing) — Siffw

f
((90) w)}
X —_—— —
ar r
"H

The calculation of the boundary term in E®&7) yields the
same expression, but evaluated atr .

- 87G

de.

Consequently ,
2m (#2( I of |
. s 2 . o .
/\/l—llm4 5 { o siné P fSInZBw
y Jo o 48
i

(86) =lim

whereQ, andP, again represent the dimensionless quanti-

87
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VarG 11 (m2[\I
e EEJ TXZSIHH

|

X— 00

Jw
crtan] 222
X X

4G éM(x).

X— 00

where we changed to the dimensionless coordixatEg.
(31), and defined the dimensionless local mis&),

1 (24|
M(x)=§J0 %_x sinég

X

Jof | 2 &wwd
(?_X_SI 0(05; 0.

(88)

In a similar way we obtain the dimensionless local angu-
lar momentum(x),

1 w2 |3/2 (9
J(x)= szfo S|n39—(x—w—w)d6

I (89

from the expression for the total angular momentum,

J=—

1
MooV
8#Gf2RMn 7'V

1 (1
N _ P ar T i v
1677(31.42‘31”130V 77dxdx

Defining the horizon mass of the black holel,

=M(xy) and its horizon angular momentuin =J(xy), we
obtain the relation

Wy
MA=2TS—2—1J,. (90
XH

We further define the dimensionless local non-Abelian
electric and magnetic charge3(x) and P(x),

Q== § \/S CFldede O

and

(92

e )
0= $ \J2 (P70,

respectively, where the integrals are evaluated on surfaces
with fixed radial coordinate. Explicitly,
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Q(x)= lezsin Hgi

0

o, dw . . Jw
—x5|n203—XH3+ Sin6 cosfw(1—Hy) =X sind cost—(1-H,)

_ _ | B 9B, | |?
+sirf@wH3—XxH;(cosfB; —sin6B,) — wH +x sm&WJrcosaW

. Jw . 1) ) - _
—xsmecoseaHg—smzaw(l— H4)+xsmzaa(l—H4)+S|n6c030wH3+xH1(sm 6B+ coséB,)

+
+x2 0(951 i 0852 2 mda 93
x| cosf— = —sinf— ; (93)
/2 _ _ . dHz MH, 2
P(x)= —sirf6+sind cosHz(1+ H2)+cos’-0(H2—H4)+smzeﬁ—smacosaﬁ+sm20H2H4
0
. . . . dHz  , dHy
+ —sm00050—sm20H3(1+H2)+H3—sm0cosa(H2—H4)+sm0cosaﬁ+smzew
2) 12
+sin@ cosdH,H, ] de. (94
|
IV. EMBEDDED KERR-NEWMAN BLACK HOLES Qa';(
a G i
Here we briefly recall Kerr-Newman black holes, embed- A, dx p? (dt+asindde)
ded in SU2) EYM theory[22]. For better comparison with
the non-Abelian rotating black holes, we first consider the P2cos6 5
coordinate transformation from Boyer-Lindquist coordinates + 2 (adt+ pgde), 97

to isotropic coordinates. Then we perform an(3Ugauge
transformation to the gauge employed for the non-Abelia

black holes. considered the Yang-Mills analogue of the electric and mag-
netic charge, respectivel}22,23. They define the “total
A. Boyer-Lindquist coordinates charge”C,
In Boyer-Lindquist coordinates the metric of Kerr- C2=Q2Q%+ P2p?, (98)

Newman black holes is given by
2 andQ? is proportional toP? [22].
A since it Y V=0 vi i
—_ Z (dttasi 2, 1 52do)2 The conditionA (xy) =0 yields the regular event horizon
ds’ z (di+asiéde) 7 (adttpode) of the Kerr-Newman solutions,

p? Xy=M+M?—(a?+C?), (99)

+ Kd7<2+ p2d6?, (95)

extremal  Kerr-Newman  solutions  satisfy Xy;=M

— @+ C.

where

B. Isotropic coordinates

TWhere Q? and P2 are constant vectors in the Lie algebra,

2_32 42 2_%24 42 . L
p’=x*+a’cos'y, po=x’+a’ Let us now consider the Kerr-Newman solution in isotro-
(96)  pic coordinates. For Kerr-Newman solutions the isotropic ra-

~ ~ dial coordinatex is related to the Boyer-Lindquist radial co-
A=%X2—2Mx+a%+C2?, y .

ordinatex by

andM denotes the black hole massthe angular momentum

~ 1 = ~
— 2_ 2 2 _
per unit massa=J/M, andC the “total charge”[see Eq. X(x)= 2[\/;( 2Mx+ @™+ CH)+(x=M)], (100

(99)].
The gauge field of embedded Kerr-Newman solutions isand the metric functionsf(x,6), m(x,6), 1(x,6), and
given by[22] w(X,6) [see Eq(8)] are given by
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p?A
f(x,0)= ——5—F—, 101
( )pg—azsinzeA (1o
m(x,6) X*+a’cos'g 10
o & (102
X2l (x, 6) 2Mx—C?
2 20
T o) po+a’sinte e
(103
and
w(x,0) a(2Mx—C?)
S IR , (109
po— a°sirfhA
where
~ M?—(a’+C?)
X() =X+ M+ ——— . (105

In isotropic coordinates the event horizon resides at

Xp=1/2yM?—(a?+C?),

thus extremal Kerr-Newman solutions satisfy=0. At the
event horizon, the metric functiohis identically zero, the
metric function ratios ifi/f) and (/f) are finite, and the
metric functionw is constant,

(106)

axy
4Mxy+2M?—C?

Consequently the Kerr-Newman solutions satisfy

wy  IM?—4xi-C?

Xo 2M(M+2x4)—C2  (M+2x)2+a2’

(108

C. Gauge transformation

Let us now consider a Kerr-Newman solution with Lie
algebra vector€? and P? pointing in thez direction,

Qx . Tz
Adeﬂz?(dHasmzad(p)?

Pco
pz

SO

2 Tz
(adt+ Pod‘P)E- (109
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Qx

s Pcosd | Ty
A ludX == —23. 5dt+A‘PdQD+?d0
P P
(112)
with

ox Pcost , T . T,

A,= ?asm20+7po+cose - —sino—-.
(112

By comparing this embedded Abelian expression for the
gauge fields with the non-Abelian ansatz, Ed$)—(17), we
o_btain the embedded Abelian gauge field functiéhsand

Bi,

H1:H2:H4:O,
_ X Pcost ,
—sm0H3=—2asm20+ > Po+ oS0, (113
P P
- w Qx+ P cosba
By=sinf—Hg+ ————
X 2
Bz=3|n0;. (114

The asymptotic expansion for the Abelian gauge field and
metric functions is given in Appendix B, the expansion at the
horizon is given in Appendix C.

V. NUMERICAL RESULTS

The rotating hairy black hole solutions of &) EYM
theory emerge from the static hairy black hole solutions
when a small value of the angular velocity of the horizon is
imposed via the boundary conditions. We therefore briefly
recall the properties of the static hairy black hole solutions of
SU(2) EYM theory[4].

The static hairy black hole solutions of &) EYM
theory carry nontrivial magnetic gauge fields outside their
regular event horizon, but carry no non-Abelian magnetic
charge. Since their electric fields vanish identically, their
only global charge is their mass. These black holes can be
characterized by their mass and by two integers, the azi-
muthal winding numben of their gauge field$24] and the
node numberk of their magnetic gauge field functions
[4,5,25. For a given winding numben, the solutions form
sequences labeled by the node numbeanith increasing,
the non-Abelian black hole solutions approach a limiting so-
lution, corresponding to an embedded Abelian solution with

To obtain the solution in the gauge employed for the non4magnetic charge [26].

Abelian ansat215)—(17), we perform a gauge transforma-
tion, where
U(a'(P):efi(zp/Z)Tzefi(G/Z)Ty. (110)

The gauge transformed vector field reads

In contrast to the static hairy black hole solutions, their
rotating generalizations carry electric gauge fields. Notably,
the rotating hairy black hole solutions possess a non-Abelian
electric chargd12,16], whereas their static counterparts are
neutral. Thus their global charges are their mass, their angu-
lar momentum, and their non-Abelian electric charge. Their
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non-Abelian magnetic charge is identically zero. Like their
static counterparts, the rotating hairy black hole solutions 20}
form sequences depending on the winding nuntbend the
node numbek of the gauge fields.

Here we consider the sequence of rotating hairy black =

hole solutions with winding number=1 and node number 10y 1
k. In the static limit these black hole solutions approach
spherically symmetric S(2) EYM black hole solutiong4]. 0

Rotating black hole solutions with higher winding numioer
approach in the static limit S@) EYM black hole solutions, (@)
which possess only axial symmetiy]. Such black hole so-
lutions will be considered elsewhere.
For a given node numbd; the rotating hairy black hole
solutions depend on the isotropic horizon radiysand on
the value of the metric function at the horizonwy, via the
boundary conditions. The rati@, /X, represents the rota- ®
tional velocity of the horizon.
When the black hole solutions are constructed, their glo-
bal charges are obtained from the asymptotic fall-off of the
metric and gauge field functions of the solutions. Likewise,

0.00 002 004 0.06 0.08

their horizon properties are obtained from the expansion at 0.00 002 004 006 0.08
the horizon. (b) Wy
To construct the rotating hairy black hole solutions, we '
solve the set of ten coupled nonlinear elliptic partial differ-
ential equations numerically27], subject to the above 0.10}+ _
boundary conditions. We employ compactified dimensionless .
coordinates, mapping spatial infinity to the finite valge <3 xw=0-Ls \\\3\‘3\:10
=1, where 0.05 RN
xp=0.5)
— XH
Xx=1-—-. (119 0.00 . .
0.00 0.02 004 0.06 0.08
(©) Wy

We furthermore introduce the function(x,6), |(x,6),
E(Z 0), andg(;, 9) [5,7,18, FIG. 1. (a) The dimensionless mas4 is shown as a function of
wy for node numbek=1 andxy=1.0, 0.5, and 0.1. For the same

values of parameters the dimensionless mass of the Kerr solution

f(x,0)= f(f o) (%0 = l(ﬁe) , (thin solid ling and the Kerr-Newman solutiofdotted ling for Q
X2 NG =0 and|P|=1 are also shown(b) Same ag(@) for the ratioa
B B (116) =Jd/M. (c)bTr;(e electr(ijc chargoé;)(i)s shOV\(/jnoas a function aby for

) m(x, 6) o m(x. 6) node numbek=1 andx,=1.0, 0.5, and 0.1.

m(x, ) =—=—, X,0)=———. i _ — .
x? J [(x,6) functionsw, Hy, Hs, By, andB,. The rotating black hole

solution is only axially symmetric. It possesses a nonvanish-
The numerical calculations, based on the Newton-Raphsoimg electric gauge field, giving rise to a non-Abelian electric
method, are performed with the help of the progmamsoL  charge[12,16.
[27]. The equations are discretized on a nonequidistant grid When increasingy from zero, while keepingy fixed, a
in ;and 9. Typ|ca| grids used have sizes mgo, Covering branch of black hole solutions f0rmS, the lower branch. The

—_ H ax
the integration region @x<1 and 0< 6= /2. (See{5,7,18 lower branch extends up to a maximal vawg®*, where a

and[27] for further details on the numerical procedure. second branch, the upper branch, bends backwards towards
wy=0. Along both branches the mabk§ the angular mo-

mentumJ, and the non-Abelian electric chargg continu-
ously increasg16]. This is seen in Figs.(&)—1(c), where the
To construct a rotating black hole solution with one nodemassM, the angular momentum per unit mass J/M, and
and horizon radiux,, we start from the static spherically the non-Abelian electric charg@ are shown as functions of
symmetric SW2) EYM black hole solution with one node the parametemw, for three values of the isotropic horizon
and the same horizon radius, which represents the limitingadius,x,=0.1, 0.5, and 1.
solution in the static limitw,— 0. By imposing a small but Whereas both mass! and angular momentum per unit
finite value of wy via the boundary conditions, a rotating massa of the non-Abelian solutions increase strongly along
black hole solution is obtained, which possesses nontrivialhe upper branch, diverging with,,* in the limit w,—0,

A. Global charges
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the non-Abelian electric charg® remains small. It ap-
proaches apparently a finite limiting valu®;,~0.124 (as
discussed in Sec. V)Cindependent of the isotropic horizon
radiusxy .

For comparison, we exhibit in Figs(d and Xb) also the
mass and the angular momentum of embedded Abelian solu-
tions with the same horizon radii: those of the Kerr solutions
and those of the Kerr-Newman solutions wifh=0 andP
=—1. (Mass and angular momentum of embedded Kerr-
Newman solutions, possessing the same ch@rgs the non-
Abelian solutions but withP=0, are graphically indistin-
guishable from the mass and angular momentum of the Kerr =
solutions, shown. Likewise, mass and angular momentum of
embedded Kerr-Newman solutions, possessing the same— =
chargeQ as the non-Abelian solutions and=-1, are
graphically indistinguishable from the mass and angular mo- , -
mentum of the Kerr-Newman solutions, shoyn.

Interestingly, both mass and angular momentum of the

b c d
non-Abelian solutions, which carry a small electric cha@ye
and no magnetic charge, are close to mass and angular mo-
mentum of the embedded Kerr-Newman solutions with mag-
netic charge®=—1. This is seen in particular for solutions
with small horizon radiixy, where large deviations of these

global properties from those of the corresponding Kerr solu-

tions arise. For non-Abelian black hole solutions with large  FiG. 2. The energy density of the matter fields — T is
horizon radii, these global charges are also close to those ghown as a funtion of the coordinates-x sin 6, z=x cosé for k

the Kerr solutions. Here a magnetic charge of magnitude-1, x,=1.0, w,=0.04 on the lower branch.

|P|=1 is less important for the global properties of the so-

lutions. Thus also Kerr and Kerr-Newman solutions differ Along both branches mass, angular momentum, and non-
less for large horizon radii. Abelian electric charge continuously increase.

As a case in point, let us inspect the maximal value gf For node numbek=3, the mass and angular momentum
reachedw}™. The maximal values};** of the non-Abelian  of the black hole solutions differ only a little from the mass
black hole solutions depends on the horizon radiys and  and angular momentum of the=1 black hole solutions. In
increases monotonically witky . For the solutions shown in general, the values are still closer to those of the Kerr-
Figs. 1a-1(c), o{®{(xy=0.1)~0.0288, w*(x4=0.5)  Newman solutions witlfQ=0 andP= —1. Also, the values
~0.0649, andw]}*(x4=1.0)~0.0719. For Kerr-Newman of »}** are very close to those of the Kerr-Newman solu-
solutions withQ=0 and P=—1 very similar values for tions withQ=0 andP=—1. Along the lower branch, the
o™ are obtainedw}}™(xy=0.1)~0.0278, 0;*(xy=0.5)  non-Abelian electric charge of the=3 solutions is much

~0.0646, andw}*(xy=1.0)~0.0718. In contrast, for the smaller than the electric charge of tke=1 solutions, typi-

S

Kerr solutions the maximal value oy, cally it is on the order of 10%. Along the upper branch the
non-Abelian electric charge increases relatively strongly.
1 J5—-1 However, because of numerical inaccuracies encountered
max,K__ H H
oy"= G 5 0.07507, along the upper branch for the higher node solutions, we
2(Vy5+1) 5+3 cannot infer from the numerical calculations that the charge

tends to a limiting valu& ., .

is independent of the horizon radiyg. We conjecture that,

in the limit xy—o, the maximal valuew}® of the non- B. Energy density
Abelian solutions tends to the maximal valu@®* of the Let us now discuss the rotating black hole solutions in
Kerr solutions. more detail and begin with the energy density of the black

So far we have limited the discussion to non-Abelian so-+ole solutionsg = —Tg.
lutions with one node. When we consider black hole solu- Because of the rotation, the energy density of the matter
tions with higher node numbers, we observe similar featuresields is angle-dependent, and, in particular, not constant at
The rotating hairy black hole solution withnodes emerges the horizon. The maximum of the energy density resides on
from the corresponding static black hole solution, when ahe p axis at the horizon, as seen in the following two rep-
finite value of wy is imposed via the boundary conditions. resentative examples.
Whenwy, increases, the lower branch of black hole solutions In Figs. 2a)—2(d) we exhibit the energy density of the
forms. It extends up to a maximal valug]]®, where the matter fields of the black hole solution with horizon radius
upper branch forms and bends backwards towasds 0. Xp=1 andwy=0.04 on the lower branch. Figuréa? shows
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the Kerr-Newman solutions wittQ=0 and P=—-1, we
compare the corresponding functions of these Kerr-Newman
solutions.

The magnetic gauge field functidty, shown in Fig. 4a),
is always very small. For thle=1 solutions, its magnitude is
two orders of magnitude smaller on the lower branch than on
the upper branch. For thie=3 lower branch solution it is
still smaller by two orders of magnitude than for the lower
branchk=1 solution.H; shows a distinct angle dependence,
which is similar for the three black holes exhibited. The
Kerr-Newman solutions have vanishiy. This is consis-
tent with the observed smallness ldf for the non-Abelian
solutions.

The magnetic gauge field functidd, is almost spheri-
cally symmetric for thek=1 solutions on both branches as
well as for thek=3 solution on the lower branch. It is ex-
hibited in Fig. 4b). Whereadd, decreases monotonically for

b c d
= thek=1 solutions from a finite positive value at the horizon
{ @ %ff& to its boundary value of-1 at infinity, H, oscillates around
Y zero (possessing three nodefr the k=3 solution in an

extended interior region before it decreases to its boundary
value —1 for x—oo. ThusH, precisely keeps its features of
the static non-Abelian solutions, where with increasing node
numberk, it becomes close to zero in an increasing interior
a three-dimensional plot of the energy density as a functiomegion. In particular, in the limik—o, a limiting solution
of the coordinatep = x sin§ and z=x cosé together with a  with H,=0 is reached26].
contour plot, and Figs.(B)—2(d) show surfaces of constant ~ The magnetic gauge field functidti, shown in Fig. 4c),
energy density. The surfaces of constant energy density aps very similar for thek=1 andk= 3 solutions on the lower
pear ellipsoidal, being flatter at the poles than in the equatoPranch, and about one order of magnitude smaller on the
rial plane. For the largest values of the energy density, alPwer branch than on the upper branch. Comparison of the
shown in Fig. 2d), the horizon is seen in the pole region. function H; of the non-Abelian solutions with the function
Analogously, we exhibit in Figs. @-3(d) the energy Hs, EQ.(113), of the corresponding Kerr-Newman solutions

density of the matter fields of the black hole solution with With Q=0 andP=—1 reveals very good agreement. Thus
horizon radiusx,=1 and w,=0.04 on the upper branch. Hg, like H4, corresponds approximately to the Abelian func-

The energy density is much more strongly deformed now!©": _ _ _ o
The magnetic gauge field functidiy, shown in Fig. 4d),

showing a large peak on the axis. Consequently, the sur- = -
faces of constant energy density appear torus-shaped, with rather similar to the functlohlz on the lower branch, both
the horizon seen in the center of the torus. Further away fronfP! thek=1 and thek=3 solutions. Its angle dependence on
the black hole horizon, however, the surfaces of constarf’® lower branch is only small. On the upper branch, how-
energy density again appear ellipsoidal. ever, a distinct angle dependence appelalz,s:llke H,, re-

We do not observe a strong dependence of the energiﬁ“”s the non-Abelian character of the solu@ns. B
density on the node numbér On the lower branch th& Turning to the electric gauge field functioBs andB, we
=3 densities are similar to the=1 densities. On the upper Observe that the angle dependence is largely determined by
branch, the numerical determination of tke=3 densities the boundary conditions at the horizon. To eliminate this
becomes, however, unreliable. trivial angle dependence, we consider the new functfaps

andB,, defined via

FIG. 3. The same as Fig. 2 on the upper branch.

C. Gauge field and metric functions

We now turn to the metric and gauge field functions of the ~ B1= ~COSOB1+sin6#B;, B;=sin6B; +cos6B,.

non-Abelian black hole solutions. In Figgal—4(j) we show

the functions for the solutions with one node on the upper N . A
and lower branch for horizon radiug;=1 and w=0.04. As seen in Fig. @), the functionB, then shows only a

Also shown are the functions of the three node solution Ol{elatively small deviation from spherical symmetry for all
the lower branch for the same set of parameters. We firdhree black hole solutions considered. The functdnis
discuss the magnetic gauge field functions, shown in Figsconsiderably smaller in amplitude than the funct®pn Its
4(a)—4(d), then the electric gauge field functions, shown inangle dependence is similar for tke=1 andk=3 solutions
Figs. 4e)—4(f), and finally the metric functions, shown in on the lower branch, but different on the upper branch.
Figs. 4g)—4(j). Since the global mass and angular momen- Let us again compare the electric gauge field functions of
tum of the non-Abelian solutions are rather close to those othe corresponding Kerr-Newman solutions, Et{14), with
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FIG. 4. (a) The functionH; is
shown forx,=1.0, wy=0.04 and
k=1 on the lower and upper
branch, and fok=3 on the lower
branch. The functions on the
lower branch are multiplied by 2
X 10 for k=1 and by 2< 10* for
k=3. (b) Same as(a) for the
function H,. (c) Same aga) for
the functionHs. The curves for
k=1 and k=3 on the lower
branch coincide. The functions on
the lower branch are multiplied by
10. (d) Same aga) for the func-
tion H,. (e) Same ag@a) for the
function B,. (f) Same as(@) for
the functionB,. (g) Same aga)
for the functionf. The curves for
k=1 and k=3 on the lower
branch coincide(h) Same aga)
for the function g=m/l. The
curves fork=1 andk=3 on the
lower branch coincidgi) Same as
(a) for the functionl. The curves
for k=1 andk=3 on the lower
branch andk=1 on the upper
branch coincide(j) Same as(a)
for the functionw. The curves for
k=1 and k=3 on the lower
branch coincide.

Q=0 andP=—1. We again find good agreement betweenfunctions which vanish in the static limitl,, H;, B, and

these Abelian and the non-Abelian functions. Thisand
ESZ also correspond in good approximation to the Abelian

functions.

tions, which are non-vanishing in the static limit, andH 4,
retain their non-Abelian features. Whereas all gauge fieldy(x,6), Eq.(116).

B,, are very close to the corresponding functions of the
Kerr-Newman solution witlQ=0 andP=—1.

Let us now turn to the metric functions. In order to exhibit
Thus we conclude that the non-Abelian gauge field func_the behavior of the metric fUnCtiorﬁsm, andl at the horizon
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The functionf is shown in Fig. 4g). It is almost spheri- Mass by the mass, and taking the litt—, the metric
cally symmetric on the lower branch and deviates fromdecouples from the gauge field, i.&,,=0. Taking the lim-
spherical symmetry only slightly on the upper branch. On thdting extremal Kerr solution as background metric, one can
upper branch the magnitudegfand its slope at the horizon _solve the gauge field equations numerically. The correspond-

are considerably smaller than on the lower branch. There i§!9 Solution is then independent of the isotropic horizon ra-
very little dependence of the metric functidnon the node diusxy. The limiting value of the electric charge obtained in

number. This is also true for the other metric functions. NS Way 1SQjim=0.124.
In Fig. 4(h) we show the ratiqg=m/I. Note that for a
spherically symmetric metric the functiam is identical to
one, thus the deviation of this function from one indicates the
deviation from spherical symmetry. We observe that on the In Figs. 5a)-5(d) we present the local chargdg(x),
lower branchg is close to one for alk except in a region  J(x), Q(x), andP(x), Egs.(88), (89) and Eqs.(93), (94),
near the horizon, where it deviates slightly from one. On theor the black hole solutions with one node on the lower and
upper branch, in contrast, the deviation from one is large angpper branch, for horizon radivg,=1 and w,;=0.04. We
g approaches its asymptotic value only for larger values of i show these charges for the black hole solution with three
The metric functionl is shown in Fig. 4i). For solutions  nodes on the lower branch for the same set of parameters.
with k=1 andk=3 nodes, as well as for solutions on the |n Fig. 5a) the local masdvi(x) is shown. We observe
lower and upper branch, the functiohsire almost identical. that the mass at infinity, representing the global mass, is only
Also, their deviation from spherical symmetry is extremely slightly larger than the mass at the horizon. For the solutions
small. shown, we find on the lower branch the global masses
We exhibit the functionw in Fig. 4(j). The shape of the M,_,~2.357 andM,_3;~2.371, and on the upper branch
function w is similar for solutions on the lower and upper we find M,_;~10.25. Thus the fields outside the horizon
branch. However, on the upper branch the maximum is largegontribute little to the mass.
than on the lower bra_nch. The angle de_pendence is small, | Fig. 5b) the local angular momentud(x) is shown.
except near the maximum of the function on the upperagain, the global angular momentum, read off at infinity, is
branch. only slightly larger than the angular momentum at the hori-

Itrrl]ngeralbthe dhev\i/zctiorr fron; spherli_?ﬁll sdymme(;ry is Sr??::zon. For the solutions shown, the global angular momentum
on the lower branch. VVe also observe [ittié dependence ot g, o |o\wer pranch i8,-1~1.852 andl,_;~1.872, and on

T e e e aough or SN She ppr banch 1, ;=102
the metric functions increases slightly. All metricF:) functions The local electric chargQ(x) is shown in Fig. &c). For
gnty. solutions on both branch&3(x) decreases significantly with

are rather close to the corresponding functions of the Kerr: . o . :
Newman solutions witt9=0 andP=— 1. increasingx, giving rise to a large difference between the

We conclude that the functions of the non-Abelian Solu_horlzon electric charge and the global electric charge. In gen-

. eral Q(x) is smaller on the lower branch than on the upper
tions are rather clo_se to those of the embedded Kerrbranch, where it assumes values betwedh9 at the horizon
Newman solutions witlQ=0 andP=—1, except for those

gauge field functions which do not vanish in the static limit. ar_l(:] O'.O%.at mfmrl]ty for the SO'?UO”; shov(\j/n. The dec_:jeasr(]a
It is surprising that already the one node solutions follow s with X Indicates the presence of a charge density outside the

. . : . 0horizon, cancelling part of the horizon charge.
closely these Abelian solutions because their functibins h he local e ch L2 d
andH, are still very different from zero, the value assumed We show the Joca magne.uc charggx) in Fig. 5(d). In .
4 i ; o . contrast to the local electric charge, the local magnetic

by the Abelian solutions, Eq.113). With increasing node h : ic b . f
number, though, one expects the solutions to get close to tha arde 1S not monotonic but possesses a maximum of mag-
Abelian’solution’ sinceH. and H. are close to zero in an nitude one, for the solutions on both branches. At infinity
increasing interv,al 2 4 P(x) vanishes, in accordance with the boundary conditions,

Let us now address the limiting non-Abelian solutions,correSpondlng to a vanishing global magnetic charge. With

; . . increasing node number, the local magnetic charge remains
obtained in the limitwy—0. Along the lower branch the g g 9

- . . . close to the value one in an increasing region, as in the static
limiting solution corresponds to a static spherically symmet-

ric non-Abelian black hole solution. In contrast, along thecase_[(%]. This again indicates that n the limi—e2, _th_e_

' ' ._rotating non-Abelian black hole solutions tend to a limiting
upper branch mass and angular momentum of the solution luti ith magnetic charg@®|=1, like their static coun-
diverges, thus the limiting solution is singular. Comparisons0 ution Wi 9 '

. ; . X e terparts[26].
with the Abelian solutions shows that in the limit,—0,
electric and magnetic charge become negligible wiagen
<1 and|P|=1. Consequently, the ratiM/a tends to one
for fixed xy . We now turn to the horizon properties of the rotating non-
We gain some understanding of the limiting solution by Abelian black holes. In Figs.(6)—6(d) we demonstrate the
noting that it can be obtained numerically, as a non-Abeliardependence of the horizon mass, the horizon angular mo-
gauge field solution in an extremal background metric. Scalmentum, and the horizon electric and magnetic charges on
ing the radial coordinate and angular momentum per unity for fixed isotropic horizon radiug,, for black hole so-

D. Local charges

E. Horizon properties
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FIG. 5. (@ The local massM(x) is shown forx,y=1.0, wy FIG. 6. (a) The horizon mas#1, is shown as a function aby

=0.04 andk=1 on the lower and upper branch, and for 3 on for k=1, x4=1 andxy=0.1 on the lower brancfsolid line) and
the lower branch(b) The same a&) for the local angular momen- on the upper branckdashed ling For the same values of param-
tumJ(x). (c) The same a&) for the local electric charg®(x). (d) eters the horizon mass of the Kerr-Newman solufidotted ling
The same aa) for the local magnetic charge(x). for Q=0 and|P|=1 is also shown(b) The same asa) for the

angular momentum per mass at the horizgr=J, /M, . (c) The

lutions W_ith one node. T_he corresponding horizon si_ze, thegme aga) for the horizon electric charg®, . (d) The same a&)
deformation of the horizon, and the surface gravity ar€g the horizon magnetic charge, .

shown in Figs. {a)-7(c).

The horizon mas#M , follows closely the global magd,
as seen in Fig. @), where the horizon mass is shown for ~ The horizon electric charg®,, shown in Fig. €c), in-
black hole solutions with horizon radius;=0.1 andx creases monotonically along both branches, like the global
=1. Similarly, the horizon angular momentudy closely  non-Abelian electric charg®. It is, however, about an order
follows the global angular momentudnThe horizon angular of magnitude larger than the global non-Abelian electric
momentum per unit mass,=J,/M,, is shown in Fig. chargeQ. The horizon magnetic chard®, is shown in Fig.
6(b). Both horizon mass and horizon angular momentum aré(d). Whereas the black holes carry no global non-Abelian
close to the corresponding Kerr-Newman values for solumagnetic charge, their horizon magnetic charge is on the
tions withQ=0 andP=—1. order of one. Starting from finite values on the lower branch,
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0.0 0.5 1.0
Xy

FIG. 8. The dimensionless makkis shown as a function of
for k=1 andwy=0.01, 0.02, and 0.05 on the lower bransolid
line) and on the upper brancdashed ling For the same values of
parameters the corresponding functions of the Kerr solutibim
solid line) and the Kerr-Newman solutiofdotted ling for Q=0
and|P|=1 are also shown.

upper branch, the ratio tends to the valug/L ,~1.645,
corresponding to the value of the limiting extremal Kerr so-
lution, for M—cc. On the lower branch the ratio. /L, as-
sumes the value one in the limii,— 0, corresponding to
the value of a static spherically symmetric hairy black hole.
. Also shown are the corresponding embedded Abelian solu-
tions, approaching the same limiting values of the deforma-
1 tion.

The surface gravitykgg is exhibited in Fig. Tc), along
with the surface gravity of the Kerr and the Kerr-Newman
0.00 : . solutions forQ=0 andP=—1. The surface gravity of the
000 002 004 008 0.08 non-Abelian black holes decreases monotonically along both
() Wy branches, starting from the value of the corresponding static
non-Abelian black hole solution on the lower branch in the
limit wy— 0. On the upper branch the surface gravity tends
to zero in the limitwy— 0, the value assumed by extremal
black hole solutions. The surface gravity of Kerr-Newman
and non-Abelian solutions agrees well for black hole solu-
tions with large horizon radii, for black hole solutions with
small horizon radii, however, a difference is observed on the
lower branch. Here, in the limitvy— 0, the rotating non-

which correspond to the horizon magnetic charges of théa‘be“an black hole solutions approach the corresponding

static solutionsP, decreases monotonically along the IowerStatiC non-Abelian black hole, and the Kerr-Newman solu-
A o y 9 ions approach the corresponding Reissner-Nofdstotack
branch. It then reaches a minimum along the upper branc

; : . - ole withQ=0 andP=—1. For these static solutions the
and increases again. The location of the minimum strongly,. : S o
depends orx,,. dlffergnce m_surfape gravity in known to decrease with in-

The horizon size as quantified by the area parametés creasing horizon sizgs].

shown in Fig. 7a) for black holes with isotropic horizon
radii x4=0.1 andxy=1 as a function ofw,. The horizon
area grows monotonically along both branches and diverges Having considered the rotating hairy black hole solutions
along the upper branch. Comparison with the correspondingpr fixed horizon radius, as a function ofwy, let us now
Abelian black hole solutions again shows that the nonkeepwy fixed and vary the horizon radius.

FIG. 7. (8) The area parameter, is shown as a function aby
for k=1, x4y=1 andxy=0.1 on the lower brancksolid line) and
on the upper branctdashed ling For the same values of param-
eters the corresponding functions of the Kerr solutittin solid
line) and the Kerr-Newman solutiofdotted ling for Q=0 and
|P|=1 are also showr(b) The same aga) for the ratioL/L. (c)
The same aga) for the surface gravity.

F. Fixed wy

Abelian horizon size follows closely the Kerr-Newman hori-  In Fig. 8 we show the magl of the non-Abelian black
zon size forQ=0 andP= —1, whereas only for largg,, it hole solutions as a function of the isotropic horizon radiys
is also close to the Kerr horizon size. for wy=0.01, wy=0.02, andw,=0.05. For a given value

The deformation of the horizon is revealed by measuringf wy there is a minimal value of the horizon radigs. In
the circumference of the horizon along the equatqr, and  particular, the limitx,— 0 is only reached fotw,—0. Thus
the circumference of the horizon along the poleg, Eq.  we do not obtain globally regular rotating solutions in the
(81). The deformation of the horizon, quantified hy/L, limit xy—0 [12].
Eq.(81), is shown in Fig. ). The ratioL /L , grows mono- For comparison, Fig. 8 also presents the nislssf the
tonically along both branches. Asy tends to zero on the corresponding Kerr solutions and Kerr-Newman solutions
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and the surface gravity of the non-Abelian black hole solu-
o 10 ] tions are very close to those of the Kerr-Newman solution
= with Q=0 andP=—1. In particular, the horizon size and
& deformation remain finite on the upper branch in the limit
g 5 § wy— 0, and the surface gravity tends to zero. This indicates
= that an extremal black hole is approached in this limit. Since
the limiting black hole solution retains its non-Abelian char-
0= ' : acter in the gauge field functions, it should correspond to a
0.00 0.02 004 0.06 0.08

rotating hairy extremal black hole.

On the lower branch in the limiby— 0, the correspond-
FIG. 9. The dimensionless mab4 ratioa=J/M, and electric  ing Bartnik-McKinnon solution[3] is approached by the
charge Q are shown as a function ofy for k=1 and fixed non-Abelian solutions, whereas the Kerr-Newman solutions

wy/x,=0.04 on the lower brancksolid line) and on the upper approach a Reissner-Nordstiosolution. This limiting be-
branch(dashed ling For the same values of parameters the corre-hayior is suggested by a detailed inspection of the metric and
sponding functions of the Kerr solutiofthin solid ling and the  ga,ge field functions. In Fig. 10 this limiting behavior is
Kerr-Newman solutior(dotted ling for Q=0 and|P|=1 are also  (eflacted in the fact that the horizon size of the non-Abelian
shown. solutions tends to zero, whereas the horizon size of the Kerr-
_ _ Newman solutions tends to a finite value. Furthermore, the
with Q=0 andP= —1. For a fixed value oy, the mass of g rface gravity of the non-Abelian solutions apparently di-
the Kerr solutions forms two straight lines, extending fromyerges in the limit, in agreement with the static non-Abelian
the Origin. The non-Abelian solutions tend toward these |ine$esu|t3[3], whereas the surface gravity of the Kerr-Newman
for large values of the horizon radius. The mass of the Kerrsp|utions tends to zero, the value of an extremal Reissner-
Newman solutions again is close to the mass of the nonNordstrom solution.

Abelian solutions. In particular, we observe that the minimal
values of the horizon radius only differ slightly for the non-
Abelian and Kerr-Newman solutions.

Wy

VI. CONCLUSIONS

We have given a detailed account of a new class of black
G. Fixed oy /Xy hole solutions in S(2) EYM theory, which represent the
) . - first examples of nonperturbative stationary non-Abelian
Let us fm_ally con_SIder the ve_lrlatlon o_f the parametess black hole solutiong16]. These black hole solutions carry
andwy, while keeping their ratiaoy /X, fixed. _ mass, angular momentum, and a non-Abelian electric charge.
The global charges of the black hole solutions with onea|thqough they do not carry a non-Abelian magnetic charge,
node are shown in Fig. 9 for fixed ratio,/x,=0.04. The  {hey siill possess nontrivial magnetic gauge fields outside
massM and the angular momentum per unit masacrease  heir regular event horizon. They therefore represent rotating
monotonically along both branches, reaching finite limiting hairy black hole solutions.
values on the upper branch far,—0. Except in a small The global charges of the rotating hairy black hole solu-
region close tavy=0 on the lower branch the non-Abelian {jons are not independent. For a given mass and angular mo-
electric chargeQ also increases monotonically. The non- mentum, as well as node number of the solution, a unique
Abelian electric charge also approaches a finite limitingg|ectric charge is obtained. Whereas mass and angular mo-

value on the upper branch, apparently close to the limitingnentum are unbounded, we observe that the electric charge
value Q;,~0.124, observed previously. remains very small.

To gain a better understanding of the limiting behavior on  The event horizon of the stationary axially symmetric

the upper branch, we consider also the horizon properties fqfjack hole solutions resides at a surface of constant isotropic
these black hole solutions. In Fig. 10 we show their horizon g coordinatex=xy,. The boundary conditions at the

sizex, , their deformatiorie/Ly, and their surface gravity porizon ensure regularity of the horizon. The horizon mass
Ksq- ON the upper branch the horizon size, the deformationang horizon angular momentum are only slightly smaller

than the global mass and the global angular momentum of

o . the black hole solutions. The horizon electric charge is, how-

o 15 . PR ;

X ever, significantly larger than the global electric charge, and

:, L/1, the solutions possess horizon magnetic charge of order one,

i~ 10 N A whereas their global magnetic charge vanishes.

Q‘“ > The rotating hairy black hole solutions emerge from the

= 57 ] static hairy black hole solutions in the limit of vanishing

2 'c angular momentum. Since the static spherically symmetric
0 : black hole solutions form a sequence labeled by the node
0.00 002 0.04 006 0.08

numberk of the gauge field function, we obtain the corre-

sponding sequence of rotating black hole solutions by start-
FIG. 10. The same as Fig. 9 for the horizon parameterthe  ing from the static black hole solutions and imposing a small

ratio Lo/L,,, and the surface curvature angular velocity of the horizon via the boundary conditions.

Wy
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The rotating non-Abelian black hole solutions are rathermagnetic dipole haif6,7]. Furthermore, the recent conjec-
close to the Kerr-Newman solutions wit@=0 and P= ture that “any dyon solution with nonzero angular momen-
—1. In particular, the metric and gauge field functions of thetum necessarily contains an event horizd@8] awaits in-
non-Abelian solutions are very close to those of the Abeliarvestigation.
solutions, except for those gauge field functions which do
not vanish in the static limit. These retain the non-Abelian ACKNOWLEDGMENTS
character of the solytlons. However, W|th increasing node ENL has been supported in part by a FPI Predoctoral
number, these functions also tend to their Abelian counter . I 20 ,
parts Scholarship from Ministerio de EducacidSpain and by

The asymptotic expansion performed for the metric an(JDGICYT Project PBI8-0772.
gauge field functions, contains noninteger powers for the _
gauge field functions. In particular, the noninteger exponents APPENDIX A: RICCI CIRCULARITY CONDITIONS
depend on the non-Abelian electric charge. The expansion | gt ys demonstrate that the ansatz for the me8jcsat-
then imposes constraints on the possible values of the elegsfies the Ricci circularity conditions, E¢L1).
tric charge. _Slnce in the static limit the non-Abelian electric e Killing vectors¢= g, and =4, have components
charge vanishes, the well-known power law decay of the

static gauge field functions is recovered. £=(1,000, £,=€"9,,=(9x.0,00,),
The expansions of the metric and gauge field functions at (A1)
the horizon show that the rotating hairy black hole solutions 7*=(0,0,02, 7,=7"9,,=(9.,0,00,,)-

satisfy the zeroth law of black hole mechan[d®]. Rela-

tions obtained recently within the isolated horizon frame-Consider the Ricci circularity conditiog”R,;,¢z7,=0,
work [17,21] concerning various horizon properties, such asEq. (11), where the square bracket denotes antisymmetriza-
the horizon mass and the horizon charges, will be consideretibn. Hencea# 8+ y. Thus §“R [ ,£57,/#0 is only pos-

elsewhere. sible if either3=0, y=3 or =3, y=0. In both cases
The hairy black hole solutions constructed here nonper=1 or a=2.
turbatively were first considered perturbativgly?]. To com- Fora=1,

pare with these perturbative calculations, where linear rota-
tional excitations of the static EYM black holes were &“R,160m31=Ro1é073)
studied, we consider the slowly rotating non-Abelian solu-

tions in the limitwy—0. In the perturbative calculatior@ 1

«J [12], and the ratioQ/J depends only on the horizon = & (Roa€o 773+ Roo 3771+ Rosé1 70
radius. The nonperturbative calculations show good agree-

ment with the nonperturbative results for the slowly rotating —Ro3éo 71— Rooé1 73— Ro1€370)

solutions with large values of the horizon radius.
Besides these non-Abelian stationary black hole solutions R _
with finite angular momenturd and finite electric charg®, 3 010773~ €370)
perturbative studiefl5] have predicted two more types of
stationary non-Abelian black hole solutions. These corre- 1 ’
spond to rotating black hole solutions which are uncharged = §R01(gttg(p<p_g<pt)y
(J>0, Q=0), and nonstatic charged black hole solutions,
which have vanishing angular momentud=(0, Q#0).  and similarly, fora=2,
Both types satisfy a different set of boundary conditions at
infinity. 1 5
This different set of boundary conditions at infinity should f“RM[2§o773]=§Roz(9n9W— Jot)s
also be observed by rotating regular non-Abelian solutions
[15]. The numerical construction of such nonperturbativesince all other components vanish dueéo=0,£,=0 and
regular solutions has been attempted recer8], and argu- 71=0,7,=0.
ments have been put forward that such solutions should not on the other hand, the ansatz for the metric @yyields
exist. Our attempts to obtain numerically the nonperturbative

counterparts of the predicted further types of black hole so- Roi= Ry =0, Rp,=R;y=0.
lutions have met with the same difficulties for the same rea-
sons[29]. Consequently§“R ,;,é57,,=0.

In addition to the rotating black hole solutions considered Note thatR,, =0, R,=0 implies G, =R, —1/29,,R=0
here, there might be rapidly rotating branches of non-Abeliarand G;,=R;,— 1/29;,R=0, respectively. Therefor&, =0
black holes solutions in EYM theory, not connected to theand T;,=0 is a necessary condition for the solutions of the
static solutions. There should also be rotating hairy blackEinstein equations. In a similar fashion it can be shown that
hole solutions in other non-Abelian theories such aghe Ricci circularity condition;*R ,,é57,,=0, Eq.(11), is
Einstein-Yang-Mills-Higgs theory. For instance, we expectsatisfied by the metri¢8) and impliesT,, =0 andT,,=0.

rotating black hole solutions with magnetic charge and withHowever, for the Ansatz15) for the gauge field these con-
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ditions are fulfilled identically. Hence the solutions satisfy ~ Numerically, we realized that there should be a splitting
the Ricci circularity conditions. of some terms in the d/Taylor series expansion of the static
spherically symmetric case. However, the exponents of the
new terms turned out to be very close to integer numbers,
APPENDIX B: ASYMPTOTIC EXPANSION even though the behavior of the functions could not be de-
scribed just by means of arlTaylor series. The procedure
of how to compute this expansion was then clear.

The asymptotic expansion of the fields may be obtained First of all, we introduced a formal parameteiin order
from the field equations and the corresponding boundaryo characterize terms of the order of Livithout assuming a
conditions. However, the process is rather involved. IndeedTaylor series in ¥/ for the functions. Then we expanded all
the most natural assumption for the asymptotiependence the functions in this formal parameter, the coefficients of
of the functions, i.e., polynomial, seems to be in contradicsuch expansions depending orand 6. Finally, we intro-
tion with the presence of a nonvanishing electric charge. Irduced those series into the system of field equations, taking
view of that and inspired by perturbative resuli?], we  into account the explicit dependence oim the equations by
allowed for the presence of logarithms in the expansions. Wencluding e appropriately. The last step was collecting coef-
then observed that, when keeping only a finite number oficients ine for each equation of the system, and solving the
logarithmic terms, the charge was forced to vanish. By perequations so formed, order by order in this formal parameter,
mitting an infinite number of such terms, however, it becamekeeping in mind the boundary conditions and the fact that the
possible to obtain a consistent expansion in the presence obefficients of thee series had to behave consistently with
an electric charge. This feature then suggested to includgéne corresponding power @f
noninteger powers af, with the exponents depending on the  Proceeding in this way, the expression for this asymptotic

1. General asymptotic expansion

electric charge. expansion is found to be
|
2M  2M?+Q? 1 C 2-M?-2C 1
f=1——+—2Q+o(—), m=1+—21+Q—lein20+o il (B1)
X X X X
B 1 1 _ 2aM  6aM?+C,Q 1
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x2 2(a+5)Q? X
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2 —
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sinf cosf+ 0( —) ,
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2(at+1l) (a+5)Q?

2 —
JrC4X—(1/2)(,3—1)+E _|Cla"+2a—1D) [ 2Cy(a+3) x~ (Dt 1) 4 C y - (12)(6-1)
x? 2(at1) (a+5)Q?
3C3 2Cs+C,M—3aMQ 1
2y (a=1) i -
T e a2 + > sif6+o 2
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with the notation of Sec. Il A. 1 b2 , 3 3
Ce=—3 6+Q 16Dt 7PKaA(Q)— 55bK3(Q)
2. Asymptotic expansion: Relation with static case 1
Here we show how the previous asymptotic expansions —5KiQ) +Q%Ke(Q),

reduce to the ones corresponding to the static case in the

limit of vanishing charge. Moreover, as these are nonpertur-

bative expansions, they must include the perturbative expan- a=QK,(Q)

sions reported if12]. This is indeed the case. In order to
perform perturbative expansions in terms of the electric

charge, we must recall that, for a fixed value of the horizonVhereM is the dimensionless mass of the static spherically
radius, all the parameters in these expansions are functions 8Yymmetric solutionb is the parameter of the gauge field for
Q. Due to the presence @ in some denominators, the de- Such a limiting solution, an&,, ... K are regular func-
pendence orQ of these coefficients has to be singular, intions of Q. Introducing these relations in E¢B1) and ex-
such a way that the resulting series @turns out to be pgndmg the_result i, we recover the perturbative expan-
regular. The behavior of the constants as functior® cfads ~ Sions given in12];

1 / '
M=Mo+Q%Ko(Q), C1=—5M5+Q*Ky(Q), oM 2+O(Q2), (B3)
(82) <
12
C,=—b+Q%K(Q), Cz=b+Q%K4(Q), m=1- —+0(Q?),
5 b? 2
= — - — M,
Ca= =7 gz TKaQ. =15 +0(QY,
C1b2 [7 3 2J'M"  6I'M"?—-a’'Q’
Co=5 g *| 287" P[KeQ) ~Ks(Q)] 0= 3 !
1
— 5 Ka(Q) |+ QKs(Q), H,=0(Q?),

104001-21



KLEIHAUS, KUNZ, AND NAVARRO-LE RIDA PHYSICAL REVIEW D 66, 104001 (2002

W14 a’+2a’M’—3a’2+o ) H,=0, (B9)
2= Xt (Q9),
H,=0, (B10)

H3;=0(Q?),

aQsiné
Hz=—(1+P)cotd—

a’ 2a'M’'—3a’? )
H4=—1+Y+T+O(Q ) asina(aPcosﬁ—MQ)+

2

O
X

— Q’cosf# M'Q’cosd

1
+ cosé(40a’%Q’ H,=0,
e ( Q 4

+225M'%Q" + 120, —8a’?Q’Inx) + O(Q?),

— aPcosf—M 1
Bl=9+—Q+O —1, (B11)
X X2
_ 'sinf M'Q’siné 1
BZ=QX - Q2 — ——sinf(45M'%Q’
X 60x E_2aMsin¢9 o 1 B12
+2400'M’ +60c,” —4a’'?Q’Inx)+0(Q?), 273 x4/ (B12

where primes denote the notation of Volkov and Straumannwherea is the angular momentum per unit mass,is the
which is related to our notation by mass,Q is the electric charge,@?=Q%Q?), andP is the
magnetic chargeR?= P2P?3).
M’'=M 0 a'= b,
APPENDIX C: EXPANSION AT THE HORIZON

We here first motivate our choice of boundary conditions
Q'=Q, J'=QK(0), (B4) at the horizon. Then we give the full expansion of the metric
and gauge field functions at the horizon and relate this gen-
Q eral expansion with the static case.
c,) = ﬂ){10(1o[|<2(0)—K3(0)]—31102—300|v|g
1. Boundary conditions at the horizon

Let us begin by noting that the ansatz of the gauge field
has the property13,2§

—80K4(0)}.

3. Asymptotic expansion: Embedded Kerr-Newman solutions

For comparison, we present the asymptotic expansion also deAu=D U, (C1)
for the embedded Kerr-Newman solutions for our choice of .
coordinates and gauge. The expansion reads with u= 7,/2. The componentg ,, can be expressed as
oM 2M2+Q2+P2 (1 Fue=DuW, (€2
f=l-—+————+0[| 3|, (B5)
X X with
a2— M2+ Q2+ P2 1 W=A,—u. (C3
=1+ 5 +0| =], (B6)
2X X

The functions of W transform as a scalar doublet under
gauge transformationd =exp(I'7,/2), Eq.(20). Using the
definition of W, Eq. (C3), we find for the componen, of

m=1+ (B7) the gauge field

a?— M2+ Q%+ P2  aZsirtd (1)
- +o| =],
2x? NG
Tz

A=+ 2
X2

w - w
+—=W=V¥+—-W, (C4)
X X

w

> 7 (B8)

2aM  a(Q?+P?+6M?) 1
= - +o —1,
X x3

x

with
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where we used dimensionless coordinates. Thus the func-
tions of ¥ also transform as a scalar doublet under gauge

transformations.
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1
E#=——D,(J-gF")=0,
.

To discuss the behavior of the solutions at the horizon it is

convenient to rewriteV andA, as

(C6)

This yields forw and¥ Egs.(C3), (C5),

. ~ Tp . ~ Tz
W=sin6H32 —(sinoH,+1) =, (C7)

=+—=2, (C8

We assumedsee below that near the horizon the metric

functions can be expanded as
f=1,62+0(58%), m=m,6%+0(8°%),
(C9

1=1,6°+0(6%), w=wytwd+0(5),

where §=(Xx—Xy)/Xy and wy is a constant. For the gauge

field functions we assume an expansion in the form
H,=H,6+0(48%),

Ho=H o+ Hy 6+ 0(62),

Hz=Hgg+ Hs0+0(59),

(C10

Hy=Hgot Ha18+0(52),
By=Byot+B116+0(8?),

B,=Byot Bo+0(8%),

whereH1|X:XH=O fixes the gauge freedom.
Let us write the field equations as

(C1y
E,.=G,,—2T,,=0.
The expansion oE' at the horizon yields
§11=F|40(wH—wl)Sin 6,
(C12

Ez]_: HSO((UH_ wl)Sin 6.

With this result the expansion &¢ leads to the conditions
[(B1o— wn)Haesin 0—Boo( Hagsin 0+ 1)1B0=0,

[(B1o— @p)Haesin 0—Bog(Hagsin 6+ 1)]

X (B1o— wp) =0. (C13

In terms of W and ¥ these conditions are equivalent to

[0, [%, W le i, = 0 (W W]o = O

@Ft¢|X:XH=O.

(C19

We now assume that the electrostatic potentfais con-

stant at the horizon, Eq55), i.e., Bjo=const andB,,=0.
To discuss the boundary conditioft814), let us first as-

sumeW|,_, #0 andW|,_, =\¥|,_, , for some function
N(6). In this case the expansion yields for the gauge poten-
tial

B1io
H=1 —| — 2
A, dx [ [XH +0O(6%) |dt+

AN o~
E(Blo_ p)

w T2

+1+O(52)}

The functionsH;, 1—H,, Hg, andB, vanish at least up to
orderO( 5%, indicating that we find only embedded Abelian

solutions for¥|,_, #0.

Assuming\if|x=xH=O, however, does not imply restric-
tions onH,q, HzgandH,g. In this case the expansion yields
H,1=H3=H4=0 andw;= wy. The last condition implies

B1;=B,;=0. In this case non-Abelian solutions are pos-
sible.

2. General expansion at the horizon

Here we present the expansion of the functions of the
stationary axially symmetric black hole solutions at the ho-
rizon xy in powers ofd. These expansions can be obtained
from the regularity conditions imposed on the Einstein equa-
tions and the matter field equations.
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2

£(58,0)=5%,{ 1 5+5
(!)_ 2 24

f)
x2 12

24¢0t0] — (—Hag g+ 1—H39) Hao— HagH s+ HagH 40,1 + 12( H3o(H30+ Hio— 1)

|

(Ho~Ha?+H% 2 2
_(H30+ H40)+2H20(_ H30H40’9+ H40H30’9)+ 1_2H30Y€+ H3O,0+ H40,0

sirfe
f | fopl f o2 | fsp)2
~2coto] 812 2'22| [ gTonlan glem [lao"_plan_yq g o]
f, 1, f, 1, Cf, |\, I, ,
2
w w
1| 45Nt (HaBrat (1= HagBzo) = 2(B;+ B) = sirf 0= (il + 2 Hip+ (1= Hag ) | | 1 +O(8°),
2 H XpT2
52 I ,o\2  loym m m 2 m I
m(8,0)=52my{ 138+ | 150~ 42+ 2( 20| 1320 20 g 200, g _20) _g| 2| 4 ocotg| 30— 420
low3
+24sir?0% ]+o<a6),
2
2 81 (126\% 1200 l26 5
1(6,0)= 821 ,| 1—36+ —| | 22| =222+ 75— 4 coto-22| | +0O(8%),
12|\ T, I, I,
(8,0)=wy(1+ 8)+ 6%w,+ O(5%),
1
H1(5,0)=5<1—§5 Hy+0(6%),
, (C16)
67| my 2 . 2 Hao—Hao
H2(5’0)2H2°+Z T, Hzo(H30+H4o_1)_H30H4o,a+H40H30,0+W_COta(—2H20H30+H4o,a)
—(H119+Haggg) | +0O(5°),
52

fon 1o
H3(8,60)=Hgzo— B8l ( ZE 1, (1=HyoH 20— Hgpp—COtOH 30) — 2 COtOH 59(H 20— Hao) + 2H 30 99+ 4Ho0H 40

+0(8%),

o[ P2 comm
sirf6 %00

52
H4(8,0)=Ho— I}

lrw
- 2H30H§0_ 2H40(2H 11— HZO,G) - 8 S|n 0%(XHB]_2_ S|n 0(()2H30)
2

fan 12
(ZK_E [Ha0,6—HaoH3z0— COtO(H o= Hao) ]+ Hoo —4H304+ 2)

Hoo—Hao
+2[Hag(2H 13— Hg) + Hagpo— HaoH 50] + Zm —2 cotf(—2H 13— Hug gt HaoHzot Hagp)

+0(6%),

. o, .
+8 smﬁf—z[xHBzz— SinfBw,(1—Hyp) ]
2

Bu(6,0)=— "% 21— 5Byt O(oY,
By(5,0)= w*fm + 6%(1— 8)Byyt O(8%).
H

B4, andB,, are functions ofd. Relations(76) and(77) also hold.
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3. Expansion: Relation with static case recovering the known expressions for the behavior at the

The general expansion at the horizon includes the eXparh._orizon of the static spherically symmetric black hole solu-
sion for the static case. The static limit corresponds to settin§©ns
wy= 0= B1;=Byp=H11=H3=0, my=Il; and Hy

=Ha: in addition, f,, |,, andH,, become constant. The 4. Expansion: Embedded Kerr-Newman solutions

expansion reads For comparison, we present the expansion at the horizon
also for the embedded Kerr-Newman solutions for our choice
5 5 2 f, ) 5 of coordinates and gauge. The expansion reads
f(8)=06%,{ 1—6+—| — —(H3%—1)°+3
41x2 12 2 2, 2
AXE[ (M +2x,)%+ a%cog 0]
+0(8%) = P 252(1—5)+O(64), (C18
' [2M (M +2x) — (Q°+P9)]
25 (€17
_ 2 2 5 4 (M +2xy)2+a’cog6]?
|(5)—5|2(1—35+Za +0(8%), S H) " 21-38)+0(s%,
[2M(M + 2x,) — (Q%+ P?)]?
Ha(9) HZO[l 7 (Mo~ 1| +0(5), |=45%(1-368)+0(8%), (C20
|
e (1+0) 2ax; {(M+2x)[2(M + 2x) (M +Xp)
= - X X X
“T OM(M +2xy) — (Q2+ P?) [2M(M +2xy,) — (Q%+ P?) 3 : " :
—(Q%+ P?)]+2a%x,c0 0} 52+ 0( 8%, (C21)
H,=0, (C22
H,=0, (C23
1

Hy=— cotO[ (M +2x,)%+ P[2M (M +2x,) — (Q%+ P?) ]+ a%cos 0] +aQ(M + 2xy)sin 4

S T 2oy atoeds L w2+ P[2M( W= (Q*+P?)] 1+aQ( )sin 6}
asing [2a2Qx,c0S 60— 4aPxy(M + 2x,)cos0— 2Qxy(M + 2x) %] 82+ O( %) (C24

- X - X —2Qx X ,

2[ (M +2%y) 2+ a2c020]2 : B : : .
H,=0, (C25H
— Q(M +2xy) —acosé 1

1 {2Qxu[ — [M(M +2x) — (Q*+ P?)]?

B 2M(M + 2x,) — (Q%+ P?) - 2[2M(M +2x,) — (Q%+ P?)]3
+ (M +2x) [ (M + 2xy) 2+ 4x31]— dax [ (M + 2x) [ 4M Pxy— (Q%+ P?)]— 2P xy( Q%+ P?) + 2(M + 2x,y)?
X (M +xy)]cosf+8a?Qx5(M + 2x,,) cos 6 — 8axZcos 0} 82+ O( 6°), (C26)

B asing 2axysiné
2 2M(M+2x) — (Q%+P?)  [2M(M +2xyy) — (Q*+ P?) ]

{(M+4x)[2M (M +2x,) — (Q?+ P?)]

—2a%x,sirt 6} 6+ O( 5°), (C27
where
1
Xpy= E\/MZ—(a2+Q2+ P?), (C28
_ X
5= . 1. (C29
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